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Abstract

A previously developed method for computing mutual coupling between two com-
plex scatterers is extended here to include an arbitrary number of radiating or scatter-
ing centres using multipole modelling. A recursive algorithm is presented that allows
for the computation of total interaction in the complete system. This technique is
based on a de-embedding procedure and yields modified multipole moments and mod-
ified multi-polarisability polyadics that characterise the antennas or scatterers. The
method presented here is practically useful to account for mutual coupling in a vari-
ety of complex systems: composite materials, smart structures, antenna systems and
in more general hybrid electromagnetic systems counsisting of arbitrary antennas and

scatterers of arbitrary shape and configuration.

© Crown Copyright 1997.
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1 Introduction

A problem often encountered in electromagnetic modelling, remote sensing, metrology, EMC,

is the accurate determination of mutual coupling or multiple scattering in a system
consisting of radiators and/or scatterers. In many cases the response of the individual com-
ponents is known, but the prediction of the response in the complete system is difficult due
to interaction between these components. Mutual coupling is often an inherent characteristic
of the total system, for example in bistatic antenna measurements of in wave propagation in

composite materials.

Several approaches have been suggested to compute mutual coupling in such systems. A
full-wave numerical analysis of the complete system leads to an ’exact’ solution, but this
is often an expensive technique, both in terms of computation time and pre- and post-
processing of data. In electromagnetic modelling of composite media containing discrete
homogeneous scatterers, one of the simplest and most popular techniques is the Maxwell—
Garnett modelling. This model yields effective medium parameters for the homogenised
composite medium. This solution incorporates interaction implicitly and approximatively,
through use of averaged depolarisation fields. The technique is known to give accurate results
for low concentrations of scatterers (typically occupying less than 10% by volume). Another
implicit technique is the Bruggeman model of the medium, where scatterers are considered
as being embedded in an effective medium. This gives more accurate results, in particular
for higher concentrations of scatterers.

Explicit solutions to mutual coupling are comparatively few. Early contributions to multiple
scattering theory for discrete scatterers were made by Foldy (1945), Lax (1951, 1952), Percus
and Yervick (1958), Waterman and Truell (1961), Twersky (1962, 1964, 1967), Fikioris and

Waterman (1964), Mathur and Yeh (1964), Vezzetti and Keller (1967) and Frisch (1968).

! Usually the accuracy is a function of the applicability of the Green function. In many cases, a simplication
of the chosen Green function is made (e.g. Green function of a particle radiating in an infinite homogeneous

medium).
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Peterson and Strom [26] and later Chew [27] developed and extended a recursive T-matrix
algorithm. Tsang and Kong (1980), Tsang, Kong and Shin (1985) and Kohler and Papan-
icolaou (1981) made extensions to the early theory for the case of electromagnetic wave
propagation. Using the concept of mutual impedance, integral equations for quantifying in-
teraction between (linear) centre-fed wire antennas have been derived [10, 11, 12, 13]. More
recent works on mutual coupling have concentrated on formulating integral equations for
microstrip patch antennas [14, 15, 17].

In previous work [4, 5] we studied coupling between two bianisotropic particles of arbitrary
shape using a de-embedding technique. This technique provided a closed-form solution for
the perturbations of dipole moments and constitutive dipolarisability dyadics for a pair of
coupled dipoles. The technique was sucessfully applied to compute mutual coupling between
planar structures [6]. This method is further extended here to include quadrupole contri-
butions and is generalised to an arbitrary number of particles?. Furthermore, the particles
considered in this paper can be passive or active, i.e. they are sources of radiation or scat-
tering, or both. This is made possible by using a multipole approach which leaves the origin
of the current, whether it be induced or impressed, unspecified. The technique developed
here is very general and can be applied to a variety of practical electromagnetic problems
of scattering and radiation: particle interaction in composite media, antenna—antenna and
antenna—scatterer interaction in radiating systems, sensor—actuator interaction in smart or

intelligent materials, ... .

The outline of this report is as follows. First the results of the de-embedding technique for a
system of two particles are reviewed and extended to include quadrupolarisability tryadics.
Closed-form expressions for the modified multi-polarisability polyadics are obtained. This
technique is then used as a kernel for a recursive algorithm that computes mutual coupling

between an arbitrary number of particles.

2The term particles will be used as a general term for both scatterers and antennas.
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2 Definitions

We define the electric and magnetic dipole and quadrupole moments of the current distri-

bution J(r) within a particle of volume V' as follows:-

pé(jw)fl/ldva p éuo/(ﬁxl)d‘/:%/(fxl)'idv (1)
e v cn g )y 2 Sy 7=
p =k zxixzdv:—“°/rQ(L—LL)-idv (2)
2 3 v 3Jv =
q = (j2w)*1/ (rJ+Jr)dV, ¢ = —/;0/ [(r % J)r+r(rx J)]dV (3)
=e Vs =m %

with r = 71, and [ representing the unit dyadic. These definitions are similar to those
introduced in [20], except for some proportionality factors that will assist us in maintaining
the compactness of expressions in the further development. The factor pu, is due to the
choice of H rather than B as the magnetic source field. In this paper single, double and
triple underlining is used to denote vectors, dyadics and tryadics, i.e. tensors of rank 1, 2
and 3, respectively.

The dipole-like moment p ~was introduced in [20]. It yields a vectorial contribution to
the multipole expansion of the vector potential similar to the contribution of p_, but with
a k%-dependence for these fields like the quadrupole moments. Therefore we shall find it
convenient to treat contributions by p,, and g asa single term. In the multipole expansions

of the vector potential [19, 20], the following sum appears:-

Lig, +loxp, =5 [ QelexDrrrex D+Lix @xIxnidy @)

Solving ld LA = ld X 1_982 yie]ds é = ld (ld X ]_982). Hence we redefine q -

0,25 [ X Drtrl D]+ L[Lx (o x L x )]} av )

=m

as the new magnetic quadrupole moment as observed in the direction 1; and we shall omit

explicit reference to p,,
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3 Interaction between two multipoles

The configuration under investigation consists of two paired electric-magnetic multipoles,
enumerated by 7 and 7, which are spaced by a vector d = d1, and located in an isotropic
embedding medium with permittivity €, and permeability p,. The respective moments take
arbitrary orientations and magnitude. They are limited here to dipole and quadrupole
moment contributions.

The excitation of particle ¢ is described in the dipole-quadrupole approximation by the

microscopic constitutive equations:-

Bei — 6ogeei v HoCo gemi EZ
Py VHED,,, Hos | L 2L
1 €od VHoo ¢ VE,
+ = =eei Zemi : (6)
vV Moo Q, . Nogl . Zﬂz
—=mesy =mmsi
] €q Ho€o @ E;
g, | _ g, ~ VHoL (7)
q Vo€ q Pod H,
=my =me; =mmsau

The primed and corresponding unprimed quadrupolarisabilities are related through ex-
pressions which are given in [24]. The scalar double-dot product corresponds to a double
summation over two indices for the equivalent tensor representation. The fields £, and H;
are the local fields for particle 7, which differ from the external incident fields £ and H by
a contribution that is due to the secondary fields radiated or scattered by the neighbouring
particle 7 (depolarisation). These secondary fields can be expressed using a multipole expan-
sion [19, 20], which is here limited to dipole and quadrupole moment terms and rewritten
using dyadic notation:-

% { [(1 + jkd) (3ldld - Q + (jkd)* (ldld B l)} Les

+(jk/2) [(1 + jkd) (31414 — L) + (jkd)? (Lslg — I)] - (ld .q )
+jweod (1+ jhd) (Lx 14) - p, -

#jwend(ih/2) (1+ jkd) (Lx L) - (Lo-g )} ®)

=ms

E3(d)

7
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() exp (—jkd) ([ +jkd) (31,14 — I) + (k) (Lol — I)] - p, -

AT pod? =)| " Emi
+(jk/2) [(1 + jkd) (3ldld - Q + (jkd)? (ldld - i)] : (ld . gm{)
—Jwited (1 =+ ]kd) (£ X lal) ‘P

—juopod(jk/2) (14 hd) (Lx 1) - (L0 )} )

=e3

Using the identity

A-(u-B) =3 23 A Bisla= (Aw): B (10)

for general A, B, u, these can be rewritten as:-
Eid) = W {1+ k) (3Lals — L) + (%) (L — L)] -,

+(k/2) |(1+ jkd) [ (3Lala = L) La] + (7/2) (d)* [ (Lada = L) L] 1 g -

+jweod (1+ jkd) (Ix 14) - p, -

+jwend(ih/2) (1+ jkd) [(Lx L) L] g | (11)
m@ = LD k) (3Laka— 1) + (60 (laka — 1)) -,

+0h/2) |1+ k) [(3Lada = D) L] s+ (8/2) Ghd)? [(Lada = ) L 5a

—jwptod (1 + jkd) (L x 14) - p,-

—Juopad(7h/2) (L+ k) [(Lx L) 1] g} (12)

We shall find it convenient to adopt six-vector, six-dyadic and six-tryadic notation [23]. With

this notation, Eqns (6-7) and (11-12) are rewritten as:-

1 1
p, = Ez+§gl ZEzszl+§Zg'Ez (13)
1
Fi(d) = G2 d) - p; + 5G1(d) : 4, (15)

8
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with
0) (5)
p2| Bl st | poal B (16
Pz B 25,?7 Hy"
€0  Ho€o] 602(') v/ Ho€ q
p 2 A (=1, 9) (17)
N pop | Viood”) Hog"
G? (d) G (d) G! (@) &l (d)
GE(d) = , Gld) = (18)
G7, (d) GF,,(d) &0 &)
G (d)="qr (d)= M[(H kd) (3L, — L) + (jkd)? (Lils — )] (19)
=11 €, 122 - drre,d3 J =d=d = J =d=d =
» » exp (—jkd) 7. ,
G, (d) = ~GE, (d) = — 5 [jw (1 + jkd) (L x L,)] (20)
G (d) =g (d):M[jk(l + jkd) (3LiLy — L) Ly + jk(ikd)* (Lala — L) 14)(21)
=11 €, =122 dme,d? sdsd =) 2d sdsd =) =d
xp (—jkd) . . .
G! ()= —G!, (d) = =~ [jw(ik) (L +jkd) (L x Ls) Ly (22)
The perturbed field incident onto particle ¢ thus follows as:-
FY = Fi+Fi(d) 2 S, F, (23)

with
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—’L = ==/ =

S =I+G(d)-p <G”(d) v. q'_+Q2(c_1):q) 2 /+R (24)
Our analysis is subject to the rather general condition® that the external incident field for
both particles is the same and equal to £.

For an incident field F;, the perturbations Ez(l)

— F,; caused by the presence of particle ¢ that
lead to the first-order perturbed local fields Ez(-l) can be incorporated into the dipolarisability
dyadics of particle 7, so that the external incident fields may still be used as the exciting
fields. This procedure will be referred to as de-embedding or decoupling. The perturbed

moments can thus be expressed in two different ways: as a result of field perturbation or as

a result of constitutive perturbations:-

1 1
pV = P FO 4 EQ v FD A BZQ) F, + §g'(1) .V F, (25)
= = = =
A
¢V = ¢ -FY 2 0. F (26)

=i =i =

()A

where ;4_9(1) 2 p + Ag_)(l) and q() q + Aq() “ are the first-order modified dipolarisability

dyadics and quadrupolarisability tryadlcs, respectively. These can be expressed in terms of

the unperturbed polyadics p and q ) because F = 3. - F;. We find that:-

1 1
PV Eitod" VE = p S Fitod V(S F) (27)
¢V E;=q -8, -F (28)
The tryadic g{m satisfies:-
(" (VE)=q: (VE)-S! (29)

=i

3In cases where the particles are spaced a distance that is not electrically small, these incident fields
simply differ by a complex phase phase factor. The extension of the present analysis is straightforward in

this case.

10
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This yields the solution g’.(l) = S, - ¢ (see Appendix B). On the other hand, applying the

=i

identity ¢' : VF; =V -q - F; (see Appendix A) to both sides of Eqn (29), we obtain:-

=

V-¢"=V-q-5, (30)

=

with solution ¢V = ¢ -§i + YV x a, with a an arbitrary tryadic. Now, V x a = 0 for the
= = = = =;

solution to satisfy Eqn (33) for general F;. Thus,

le) - Qzél (31)
¢’ = 8¢ (32)
¢V = g¢-8, (33)

Symmetry relations exist between ¢ and ¢' (see Appendix A). Writing ¢ as a sum* of

reciprocal and non-reciprocal contributions, ¢ = g#’ + Q?VR, then (see Appendix A):-
= = =

(¢ +¢™") ¥E =Y (¢" - ") - F (34)
= = = =
Hence
) )
q ! q ! g(l) _g(l)
=ee; =em; — =ee; =me; (35)
) ¢h)
q ! q ! _g(l) g(1)
=me; =mm; =em; =mm;

which we denote compactly as gf(l) = q('l). Each one of the entries in Eqn (35) consists of a

=) ==}

reciprocal and a non-reciprocal part which transform according to Eqns (31-33). Using Eqn

(34), the polyadic perturbations can thus be computed as:-

Y = (80 -p 36)

=

4Note that if both gR and ¢V# are not null then their sum does not represent a property tryadic of the
= =i

medium. For compactness of notation it is convenient to treat this sum as a single term.

11
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AV = q-(8,-1I)=q R, (37)
A¢Y = (8,-1)-qd =R,-q (38)

=i = =
Higher-order multiple scattering can equally be taken into account, such that for a two-

particle system the total perturbation six-dyadic for the dipolarisabilities is obtained as [4]:-

-1
Ap) = p L= pt e Ap e ATt AplY (39)

Using Eqns (36) and (24) this can be further rewritten and then generalised to include the

contribution of the tryadics:-

A = p (LB )R (10)
A = ¢ (L-R-R) R (41)

-
g
Il
~—~
I~
|
=
I
~
L
I=
Q\
™~
=

1

Y

whichcan be verified to reduce to Eqn (36) for small Hﬁz

L]
In the remaining we shall always assume total interaction and refer to this as ’interaction’

for brevity, thereby omitting the superscript (oo) for simplicity.

4 Recursive algorithm for N-particle system

The direct computation, i.e. closed-form solution, for mutual coupling between N complex
sources or scatterers is of considerable complexity. In systems where the interaction is not
too strong (electrically sparse systems), a good approximation can be obtained by computing
the total pair-wise interaction as outlined in [4]. This approach was used in [6] to compute
the mutual coupling between plano-chiral and plano-semi-chiral spirals. An exact solution
for systems of arbitrary particle density can be obtained using a recursive algorithm, as will
be shown next.

In the iterative scheme, we shall be concerned with the interaction between two subsystems
of an M-particle system, i.e. one subsystem formed by particle M only and a second sub-

system formed by the M — 1 other particles. By computing the interaction for arbitrary M

12
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as a function of the interaction for the (M — 1)-particle subsystem, we can then deal with
interaction for arbitrary N by letting M = 2, 3, ..., N. We shall use the superscripts
[M] and [M — 1] to indicate M-particle and (M — 1)-particle subsystems, respectively. The
subscripts M and ¢ are the enumerations of the respective particles.

The de-embedding of the Mth particle with respect to the subsystem of M — 1 previously
de-embedded particles is obtained in two steps. Firstly, it is noted that the added Mth
particle interacts with each one of the M — 1 particles on a one-to-(M — 1) basis. The Mth

particle must therefore be de-embedded from the other particles by applying M — 1 times

the previously described two-particle® de-embedding between p™M—1 ¢O™ ™ 314 P, q"
:1 = =

= =

[M]

(t=1, ..., M —1), yielding Qg\y], g(’) . Thus, after the first step we still have M — 1

particles that remain de-embedded for the (M — 1)-particle subsystem, but now also the
Mth particle has been de-embedded for the M-particle system. Secondly, the de-embedding
of each one of the M — 1 particles needs to be updated: their de-embedding so far holds for
an (M —1)-particle system only, but not for the M-particle system. Since each one of M —1
particles has been de-embedded for the M — 2 other ones, this (ith) particle only requires a
single calculation of two-particle interaction between itself and particle M in order to adjust

[M—1]

pM=1] g0

= =

] O (G =1, ..., M —1). Thus, after both steps all M particles

7 =

to p
have been de-embedded for the M-particle subsystem. Both steps form one iteration cycle,

which is then repeated for M =2, ..., N.

This procedure is now cast into mathematical form. Define the distances from the Mth

particle to all other M — 1 particles as:-

C_Zi,MZEi_EM:%i_%MJ (iZl,...,M—l) (43)

>The (M — 1)-particle subsystem shows no intra-action within itself, by virtue of the de-embedding: each
one of the de-embedded particles radiates or scatters as if none of the other M — 2 particles were present,
by definition. Hence only the inter-action of each one of the M — 1 particles onto the Mth particle must be

considered.

13
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The field incident onto particle M can be written as:-

FM = FM S B ) + Eaydass) = M+ iy (dyg,) (44)
j=i=1
(M) N~ ey
Fy' =FM 4+ N P& (d ) (45)
=1

The addition of a particle to an existing system of M — 1 particles gives rise to a perturbation
of the moments of each one of the M particles. These perturbations are translated into

perturbations of the microscopic constitutive dyadics of the individual particles:-

1
1

&M E4 SV E, (M=2. N i=1. M) (46)

gM = g .M 2 ML p o (M=2,..  N;i=1,...,M) (47)

=i = =

In order to find gg\y], g(')[M], we apply the first step:-

E[Xf] = ég\]\f} “Fy (48)

with

M—1
J[M—-1]

1
sifl =1+ Y @) P+ S G ) T g

1=1

+GU(d; ) :

il o)

[IE

= =

symbolizing the interaction matrix for the Mth particle. This yields the modified multi-

polarisabilities of this particle for the M-particle system:-

(M] _ (M] & [M]
Py =Py, Sy =P, AR (50)
In order to find Q[M], q(’)[M] (t=1, ..., M —1), we perform the second step:-

) =

14
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FM = s, (52)
with
1
SIM =T+ G” (dy) Lyt G (dyy) - N ng + G, () Ly 53)

symbolizing the interaction matrix for the ¢th particle in the M-particle system. This yields

the updated modified multi-polarisabilities of the ith particle for that system:-

QEM] — QEM—U .§£M} 2 p.+ AQEM] (54)
g;M} — gﬁM—l} .§£M} EN g+ Ag[.M] (55)
¢ =M 2 g+ AT (56)

(M—1]
i

Eqn (53) contains L, and ¢ rather than pE\Z/‘[/ﬂ and g™ Likewise, Equ (49) contains p

(M
)

and g?’)[M_I] rather than p I'and g?')[M]. This enables both steps to be performed in parallel.
=1 — =1

The interpretation of this fact is obvious: no physical significance can be attached to the

(]

sequence in which both steps are carried out. Hence ﬁEM] cannot depend on pE\Z/‘[/ﬂ, q
2 Py 4,

, nor

can ﬁg\]‘f} depend on pMl, g™,
2 p. )

=

5 Conclusion

A recursive algorithm has been presented that enables one to analytically solve a fundamental
EMC problem, i.e. the mutual electromagnetic coupling in a system consisting of an arbitrary
number of antennas and scatterers. The solution technique is based on multipole expansions,
which have been applied to second order (dipole and quadrupole moments and associated

multi-polarisabilities). For the case of simple radiating structures, such as wire antennas,

15
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this order is known to generate sufficiently accurate results [16].

The present analysis is based on multipole expansions in real space. This is known to yield
useful results for systems that exhibit a natural cartesian frame. In the case of strongly
asymmetric (directive) scattering or radiating structures, multipole expansions in complex
space — using spherical harmonics [24, 25] or using complex space for the location of the

multipole [22, 23] — should be applied to increase the accuracy of the model.

6 Further work

The theory developed here can be implemented as a computer program and tested for some
simple radiating/scattering objects, e.g. coupling between a set of linear wire antennas.
Extension of the theory to complex space may be useful for strongly directive radiators or

scatterers (e.g. horn antennas).
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V-q-F

A Proofofg’:ZE::I:V-

(B~

The identity ¢ : VI = Z-g’ - I is proven by comparing the tensor expressions of both sides:-

<

CVE =YY ds, Vo Fol, (57)
a g7

Likewise,

Z % Z ValasyFrylg
Z Z Z VatyapFpla (58)

B
The identity follows provided ¢, 5, = £¢,qap, a fact which has been shown elsewhere [24]. The

I
e

upper or lower sign is to be taken depending on whether the reciprocal or non-reciprocal

component of ¢ is considered, respectively.

which we hereby define as the transpose of the tryadic, i.e. gT VF =4V .q-F.

¢“ = q" (59)
=u =u
¢ = =" (60)
=l Slk

gNRT _ gNR’ (61)
10 1
NRTY _ _NFR (62)

=ki =k

a result that can be derived based on hermiticity of associated quantum operators [24].

B Proof of g’(l) =S¢

Writing Eqn (29) in tensor notation, we obtain:-

g’m VF = ZZZ%% V F),sl, (63)

g H(VE)-ST = 2222%57 (Y F)5S5,10 (64)

17
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The identity holds provided:-

afy

)
q' = Z q:smSJTa = Z Sadqgﬂy
6 b

(1)

~

_
[¢]
I
Il

[[n
I

18
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