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Influence of ohmic contact loss on measurement of dielectric properties of ultra-
low-loss dielectrics.

L R R Arnaut

ABSTRACT

The effect of plate ohmic contacts attached to a low-loss dielectric substrate on the measured
dielectric constant and loss tangent is investigated. To this end the effect of longitudinal and
transverse currents and charge pile-up in these contacts is analysed. Three types of parallel-
plate capacitor are investigated: one-dimensional, circular disk and interdigital. For all three
capacitor type, closed-form expressions are derived for the expectancy value of the overall
tangent of the dielectric with plated contacts. A systematic set of numerical examples is
presented for each capacitor type, demonstrating in detail the dependencies of the loss tangent
on the various parameters. A procedure for experimental verification of the theoretical results
IS proposed.
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1 Introduction

In the measurement of ultra-low-loss dielectric substrates, the effect of losses caused by the
ohmic contact plates of the electrodes may significantly impair the accuracy of computa-
tions in the inversion procedure for the complex permittivity of the substrate. Therefore,
a thorough understanding and quantification of this effect is essential in deriving an inver-
sion procedure that annihilates the effect of these electrodes. The present study tackles this
problem on a step-by-step basis for various types of capacitors.

2 One-dimensional capacitor

2.1 Introduction

As a simple example, consider a 1D capacitor, of infinite extent in the direction perpendicular
to the page. Fig 1 shows the configuration of interest.

£ Xp

—->I-c-— J >

Figure 1: One-dimensional capacitor.

2.2 Longitudinal electron motion and interfacial polarisation

2.2.1 Introduction

Current flowing in the direction of the axis of the measurement configuration causes ohmic
losses when traversing the contact (plating) layers. In addition, the piling-up of free electrons
at the interface between the ohmic contact and the dielectric causes interfacial and space-
charge polarisation to occur [1].

The first question to be addressed is determining the area of the conductor (measured in
transverse direction) across which the effect exists. At first, it would occur that this area
would be only the area defined by the probe cross-section, because underneath the probe
the motion of électrons is purely longitudinal causing the pile-up of charges. However, in
the quasi-static approximation all planes of constant height z (0 < z < h.) are equipotential
planes, hence the electrons in such planes move in z-direction in a synchronized manner.
Thus, all electrons in an entire cross-section of the conducting plate are *flushed’ towards or
away from both metal/dielectric interfaces. Therefore the effective area A of the Maxwell-
Wagner condenser [1] is 22y, and not 2z,y., provided z4 2> z..

3



NPL Report CEM 3

2.2.2 Effect on measured complex permittivity

An analysis of a Maxwell-Wagner two-layer condenser can be found in [1]. This leads to the
introduction of an effective complex permittivity € = €' — j€" of the condenser:-

i.e.

with

To+ 74— T+ Wiy

o = C(RatR)1+wD (1)

c-:_” 14 WP r(re 4 7a) — 7erd] ()
€6 WC(Re+ Ry)(1+w2r?)
" 2 —
tand £ % = i?;w—l-[:('f-i_ 7a) -~ TeTa] (3)
¢ d—T+w TchT)

7. = RyC.: time constant of equivalent circuit for contact plate layers in longitudinal
direction;

14 = RyCy: time constant of equivalent circuit for dielectric layer under test (DUT);

— — RaRa{CctCa) __ Rargt+Ragre _ C:-.hd'l'E:-ihc . 42 : : :
T =RC = Rathy = AR T sohgtog. timeconstant of equivalent circuit for
condenser;

Ry = hef(z.y.0.): equivalent circuit resistance for contact plate layers;
Ce = zcyc€./he: equivalent circuit capacitance for contact plate layers;

Ry = hqaf(zywel): equivalent circuit resistance for DUT (note: expression contains
Te, not zq 1);

Cy = z.y.€h/hg: equivalent circuit cpacitance for DUT (note: expression contains .,
not z41);

Co = zcycto/ (ha+ 2h,): capacitance of a vacuum condenser.

We consider a condenser in which the outer ’dielectric’ layers are good! conductors (R <
Rg). Then 7 =~ 7, 4+ R Cy. After substitution into Eqn (3), we obtain:-

1 + w2 [Rclecg + R?[C’c (Gc + Cd)] (4)
w-[RdCd —R.Cs+ szEJCcRdCd (Cc + Cd)] :

tanér =

The following approximations can be made:-

lrelative to the conductivity /polarisation loss of the DUT
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e 0th order (Ru/Rq — 0): Multiplying numerator and denomirnator by R;* and neglect-
ing all terms in R,/ R4, we retrieve:-

tanér & (WRyCy) ™" = tané, (5)

i.e. the overall loss tangent is governed by the loss tangent of the DUT only, as
expected;

o to 1st order(R./ Ry < 1): Multiplying numerator and denominator by R;%, neglecting
all second-order terms in R./Rq4 and using the approximation (1 — z)™' ~ 1 + z for
z € 1, we obtain:-

R3? + w*(Ra/R4)C}
w (1l — R/ R4) (Ca/ Ra)

tan ép =

=~ tan by 4 Eil [tan ba+ (tauéd)'l] (6)
Ry

For a measured value tanér = €”/¢, this yields, to first approximation?, a quadratic
equation with two solutions, of which we select the solution with the negative sign, for
this one correctly reduces to zero if Ryg — 0:-

tan ép 4R (Ra+ Ra)
tanby o ———— |1 — |1 — 7
¢ 2(1_;_%3) [ \] R%tan? 8y (™

o further higher-order approzimations: these can be made for cases where R,/ R4 is not
very small. This results in a power series in (R./ Ry).

Because quasi-static excitation is assumed, the sequence of the layers is irrelevant to the
calculation of the effective properties of the condenser. Therefore, the top and bottom
contact plates may be collected into a single layer of twice the single-layer thickness, with
associated capacitance C,/2 and resistance 2R,;.

2.3 Transverse electron motion
2.3.1 Mechanism

Since the electric field is directed perpendicular to the conducting plates, it cannot generate
a transverse current by itself. Instead, a self-induced transverse current can flow as a result
of the Lorentz law:-

F=gq(E+uxB) (8)

Indeed, for N charge units per unit volume a z-directed primary current VAVgy = NAVgvl,
is induced in the conduction plates by £ = E1,. This current induces a magnetic field such

?Note that R4 is implicitly dependent on €4 and tanég.

5
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that V % H; guced = NAVgy with the curl acting within the transverse plane. Hence the
magnetic force on the electrons travelling in z-direction is:-

-E.m = NAV‘IR x B = Eo (Z X ..H..z-'nduced) x H

- *’Fog(_fi : _}Z.induced) (9)
which is nonzero because both the primary and induced magnetic fields are transverse. The
minus sign being a result of the Lenz rule. Hencea transverse forceis exerted on the travelling
electrons, causing a transverse induction current. Note that, as an immediate consequence of

the self-induction, it follows that if the plate is arbitrarily thin to such extent that it reduces
to a single-electron layer, no longitudinal and thus no induced transverse currents exist.

2.3.2 Effect on measured complex dielectric constant

For the transverse current, the equivalent circuit of Fig 2 applies.

K¢

o %’Q’

——— A
Ree

Figure 2: Equivalent circuit for transverse current in plates of one-dimensignal capacitor.

The input impedance of this circuit is:-

Z = 2R+ (R +5wCs)” (10)
2R+ Ry + jw2RiCaR. (11)
1+ jwRyCy

which corresponds to an admittance:-

2R+ Ry+ 2wRAC Rey + jwRiCq

Y=21=
(QRct + R4+ (?.wRdCdRct)?

(12)

hence the loss tangent tanér of the total system, i.e. DUT + two ohmic contact plates,
which includes dielectric losses and losses due to transverse currents (but not longitudinal
currents), is given by:- '
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Re(Y) Ri'+2Ra[Ri*+(wWC)?]  1+2R.B7[1+ (wCiR)Y) 13)
Im(Y) ~ wCy B wCyRy

tanér =

In these expressions, the factor '2’ is due to the fact that both the top and bottom contact
plates are to be taken into account, The various symbols refer to:-

o Cy= e'zy./hy: equivalent network capacitance of the DUT;

Ry = hqf(we'z.y.): equivalent network resistance of the DUT;

Rez — z,) = (z — z,)/{ycheo.): equivalent network resistance® of one half of one
conducting plate across a distarice £ — z,, (z, < ¢ < z.) in the transverse direction;

o ¢ =¢ — je': complex permittivity of the DUT;

¢ 0. = p_ % surface conductivity of the conducting plating material;

22, Ye, he: dimensions of one conducting plating layer;

ha: height of the DUT;

® 2z,: thickness of the probe wire.

It is verified that in the limit R.; — 0, Eqn (13) reduces to the loss tangent of the dielectric
only, tandq = (wR4Cy)~ = €"/€’. Integration yields the expectancy value {R.i(z — zp)):-

fé’c dy f:f: 'Rlﬁ"(E - :CP) d(m - ‘TP) _Te—Tp

(o2 — 2p)) = 2 % d(c—cp) "~ Yoheoo

(14)

The factor 2’ in Eqn (14) is due to the fact that the two halves of the plate, on both sides of
the probe, are to be used with the definitions of C'; and R4 given above, because the current
flows symmetrically with respect to z = 0.

The expectancy value for the overall loss tangent is therefore:-

R7' + 2(R) R7?[1 + (wR4Ca)?

(tanér) = e
€ 2z r.— xp) we e\ ?
=TT T Rk o [1 ¥ (? (15)
2 tanéy+wk,Cy : (16)

with

3The expression for R.; assumes a uniform transverse current density in the conducting plate. Since in
reality the value of z, is finite, this density reaches a maximum underneath the probe and zero at the plate
edges. Hence the expression for R, is only approximate (worse for small z.). A more accurate analysis
requires knowledge of the detailed transverse current distribution.
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eH’

tan 6d = ? (17)

2(zs— zp)
K, = 25 "2 11 4+ tan?éy 18
! Yeheo, [ ] (18)
Thus, the overall loss tangent consists of two terms: the loss tangent of the DUT and a
contribution by both the ohmic contact plate and DUT. If the transverse dimension in z-
direction is much larger than the probe thickness, i.e. z, € z., then the second term in the
expression for tan ér is seen to increase with approximately the square of z.. It is verified -
that tan é7 is independent of y., as expected.

The consideration of transverse currents is heuristic, in the sense that no impressed sources
of transverse current (no transverse electric field gradient nor a normal magnetic field com-
ponent H.) exist in the quasi-static approximation. The voltage is applied between the
probes, i.e. in z-direction, Therefore, in the quasi-static approximation, all free electrons in
a plane z = constant react instantaneously and exhibit the same potential (energy level). Of
course, realistic metals used for the contact plates show a non-zero response time associated
with the transverse dimension of the contact!. This *transverse-response’ time, 7; gives rise
to transverse transient currents, in order to convey the field to all electrons in each z-plane.
As a result, the associated loss tangent tan 6; manifests itself at operating frequencies of the
order of the transverse-resonance frequency wy:-

w=(r) == (19)

The estimation of the wave velocity, v, is difficult because the transverse wave is a surface
wave. In the MHz range of operating frequencies w and with v = ¢, this requires z. to be of
the order of several metres for it to show a significant contribution to the overal loss: in this
case, the second term in the expression for tan é7 becomes of the order of:-

2nvzz, — Tp) we'

hchd Te

[1 + tan® 5d] (20)

This term must be of the order of tanéy for it to have a significant effect on (tandr) in
quasi-static regime.

2.4 Total electron motion

Substituting Eqn (3) into Eqns (16)—(18) the overall loss tangent, containing contributions
of dielectric loss and tranverse and longitudinal current resistive losses in the contact plates,
is obained.

4This response time is itseif orders of magnitude larger than the response of the individual electrons,
whose effect can certainly be neglected.
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The above treatment is approximate because the path of the electrons is approximated by
a transverse motion {parallel to the plate surfaces), followed by a longitudinal motion (i.e.
perpendicular to the plate surfaces (z direction)). In this way the actual incremental electron
displacement dB(r, k) at a local transverse distance r and local depth A is approximated by

dR cosb(r,h) 1, +dR sinf(r,h) 1, (21)

where 0(r, h) determines the direction of the tangent to local path of the electron in the
conducting plate at (r, k). This approximate path has a length dR [cosé(r, k) + sin8(r, h)]
which is always larger than (or at most — for #(r,h) = 0 or 90 deg — equal to) the actual
path length, dR. Thus, the loss tangent computed with the above formulas is an upper limit
for the actual (measured) loss tangent of the complete system. A more accurate calculation
requires a detailed knowledge of the path of the electrons at each position within the contact
plate, i.e. 8(r, h).

2.5 Numerical results

A number of numerical simulations for the above model have been performed. The effective
permittivity e = ¢’ — j¢" of the condenser is computed first, from input data (estimates) for
the individual layers, € — jei and €, — jo./(we,). This € is then used to compute losses due
to transverse currents, resulting in a value tan §r for the overall loss.

Figs 3-8 show the dependency of the overall loss tangent tanér as a function of various
variables for several constant parameter values:-

e Fig 3: tanéz(f) for selected values of z;

Fig 4: tanér(f) for selected values of zp;

Fig 5: tanér(z,) for selected values of f;

Fig 6: tanér(h,) for selected values of f;

Fig T: tanér(h,) for selected values of z;

Fig 8: tanér(tanéy) for selected values of f.
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10 10' 10
Frequency (MHz)

Figure 3: tanér as a function of f for £, = 5mm, 15mm, 35mm and 50mm. z, = 4mm,
he=0.1 pgm, hy = lmm, €;/¢, = 10, tan g = 1074, 6, = 2.1 x 107 §/m.

Frequency (MHZ)

Figure 4: tanéy as a function of f for z, = lmm, 2mm, 3mm, 4mm and Smm. z, = 5mm,
he=0.1 pm, hg = lmm, €}/, = 10, tan §; = 107%, 0. = 2.1 x 107 S/m.

10
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Figure 5: tané7 as a function of , for f = 1MHz, 10MHz, 30MHz and 100MHz. z, = 4mm,
he= 0.1 ym, hy = lmm, €//e, = 10, tan §; = 107%, 6. = 2.1 x 107 S/m.

h (m)

Figure6: tan 67 as a function of A, for f = 1IMHz,10MHz, 30MHz and 100MHz. z. = 35mm,
T, = 4mm, kg = lmm, €j/€, = 10, tan by = 1074, 0. = 2.1 x 107 §/m.

11
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Figure 7: tanér as a function of &, for z, = 5mm, 15mm, 35mm, 50mm. f = 30MHz,
T, = 4mm, hy = lmm, €j/e, = 10, tan by = 1074, 0, = 2.1 x 107 §/m.

fuihHz
1=10MHz
1=30MHz
1=100MHz

10*

Figure 8: tanér as a function of tanéy for f = IMHz, 10MHz, 30MHz and 100MHz. =,
35mm, z, = 4mm, k. = 0.1lmm, hy = lmm, €}/¢, = 10, 0, = 2.1 x 10" §/m.

12
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Circular disk capacitor

Introduction

A more practical example of a parallele-plate capacitor is the circular disk capacitor. Fig 9
shows the configuration of interest.

3.2

Figure 9: Circular disk capacitor.

Longitudinal electron motion and interfacial polarisation

The expressions Eqn (1}, (2) and (3) for the condenser formed in y-direction remain of course
valid, but now with:-

€ = ¢ — je": effective complex permittivity of the condensor formed by the DUT and
both ohmic contact plates;

T, = RaC,: time constant of equivalent circuit for contact plate layers in longitudinal
direction;

T4 = RaCyq: time constant of equivalent circuit for DUT;

— — BaRy{CetCa) _ RyrgdRame _ ethgtethe | . . .
T =RC Ry o = Splrgite = —o=ds: time constant of equivalent circuit for

two-layer condenser;
Ro = h./(nrlo.): equivalent circuit resistance for contact plate layers;
C. = nrle,/h.: equivalent circuit capacitance for contact plate layers;

Ry = hyf(rrlwel)): equivalent circuit resistance for DUT (note: expression contains
re, notrg !); : :

Cy = nrleyfha equivalent circuit capacitance for DUT (note: expression contains re,
notry !);

C, = wrle,/(ha+ 2h.): capacitance of a vacuum condenser.

13
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3.3 Transverse electron motion

Eqn (13) remains valid, because the equivalent circuit for the disk capacitor is the same as
that for the 1-dimensional capacitor. However, in this case the definitions and equivalent
expressions for the various network elements are:-

o Cy= ﬂ%_—rﬁz—): equivalent network capacitance of the DUT;

o Ry= : equivalent network resistance of the DUT;

__hg
wellm(rl—rg?)*

Rei(r — rp): equivalent network resistance of the conducting plate across a distance
r—rp (rp <r £ 1) in the transverse direction.

o c¢=¢ — je'' complex permittivity of the DUT;

1

e o, = p;': surface conductivity of the conducting plating material;

Te, et Tadius and thickness of conducting plating disk;

hqa: thickness of the DUT;

o r,: radius of the (circular cylindrical) probe wire.

To obtain an approximate® expression for R, consider first a conducting ring of width dr
and radius r. For radially directed currents, such a ring has an incremental resistance:-

dr
Bt = 5hon (22)
across a radial distance dr. Hence for an annular disk of width r — r:-
_[Tap  log(r/ry)
Rct(f‘) = [p dRct = _27r_hca'—c— (23)
The average resistance (expectancy value) for the transverse resistance of such a disk is:-
2T A [T r Re(r)dr
Ry === 24
(Fet) erdg j:'; rdr (24)
Using partial integration, we calculate:-
2 1
/ z logz dz = %— (log:c - i) (25)
which is used to obtain (R.:}:-
2
(R) = (2moche)™ () Pos () - 3] +3 (re > 1p) (26)

%see remark for one-dimensional capacitor

14
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The expectancy value for the overall loss tangent is then:-

R7' + 2({R.)RF[1 + (wCiRa)?

(ta,n&p) = . w0y
e mrt | fr. 2 Te 1 1| we e\ ?
- ?wu{(a;) [1"%(:;)“5]*5}07[”(?) (21)
L tanb;+wk:Cy (28)
with
eH
tandy; = = (29)
2
Ky = (achc)-l(’*’) Pos (55) — 31 + 3 [1 + tan®6,) (30)

2
re)”
(T'p) 1
Again, the overall loss tangent consists of two terms: the loss tangent of the DUT and a
contribution formed by both the DUT and the ohmic contact plate. For r, > r,, K is
approximately proportional to log(r./r,) which itself shows a gradually weaker increase the

further its argument increases. Thus, with 7. > r,, the second term in Eqn (28) shows an
increase with (r./r,) faster than (r./ry)? but slower than (r./r,)°.

3.4 Numerical results

A number of numerical simulations for the above model have been performed. The effective
permittivity e = ¢ — j€” of the condensor is computed first, from input data (estimates) for
the individual layers, €, — je4 and ¢, — jo./(we,). This € is then used to compute losses due
to transverse currents.

Figs 10-15 show the dependency of the overall loss tangent tanr as a function of various
variables for several constant parameter values:-

o Fig 10: tanép(f) for selected values of r;
o Fig 11: tanézp(f) for selected values of r;
o Fig 12: tan é7(r.) for selected values of f;
o Fig 13: tanér{h.) for selected values of f;

Fig 14: tan 61(h.) for selected values of r;

Fig 15: tan §7(tand,) for selected values of f.

15
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[+
Frequancy (MHz)

Figure 10: tanér as a function of f for r, = 5mm, 15mm, 35mm and 50mm. r, = 4mm,
he=0.1 pm, by = lmm, €;/¢, = 10, tan 6z = 1074, 0, = 2.1 x 107 5/m.

Frequancy (MHz)

Figure 11: tan ér as a function of f for r, = lmm, 2mm, 3mm and 4mm. r, = 5mm, b, = 0.1
pm, kg = lmm, €j/e, = 10, tand; = 1074, 6, = 2.1 X 107 §/m.

16
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L1MHz

1=-- {=10MHz

1 oimma 1=30MHz
t=100MHz

10

10? 107
r.{m)

Figure 12: tan ér as a function of r, for f = 1MHz, 10MHz, 30MHz and 100MHz. r, = 4mm,
he=10.1 pm, by = lmm, €}/¢, = 10, tandy = 1074, 0, = 2.1 x 107 §/m.

Figure 13: tanér as a function of k. for f = 1IMHz, 10MHz, 30MHz and 100MHz. =, =
35mm, r, = 4mm, kg = Imm, €}/e, = 10, tan by = 1074, ¢, = 2.1 x 107 S/m.

17
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h (m)

Figure 14: tanér as a function of A, for r. = 5mm, 15mm, 35mm and 50mm. f = 30MHz,
rp = 4mm, by = Imm, €,/¢, = 10, tan; = 1074, 5, = 2.1 x 107 §/m.

................

...... -a faiMHz
...... . :.. —_—— fa10MHz
L e f=30MHz
—=  f«100MHz

* w0t . 10
tan 8, ()

Figure 15: tanér as a function of tané; for f = 1MHz, 10MHz, 30MHz and 100MHz.
r. = 35mm, r, = 4mm, k. = 0.1mm, kg = lmam, €;/¢, = 10, o, = 2.1 X 107 S/m.

18
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4 Interdigital capacitor

4.1 Introduction

A second commonly used capacitor is the multi-element parallel-plate capacitor with inter-
digital 'fingers’. Fig 16 shows a cross-section of the configuration of interest.

—

A
\

Figure 16: Interdigital plate capacitor (1 element).

The various parameters refer to:-

® I, z: lengths in z-direction of the two ’fingers’ of each element in the total capacitor;

® 53, Sp: spacing in z-direction between the fingers of electrodes 1, 2 and the opposite
contact plates of electrodes 2, 1 in one cell;

o 13, {5: thickness of the contact plates of the respective electrodes which support the
fingers;

o h. thickness, measured in z-direction, of each finger;
o Ay height of the DUT (distance between fingers in z-direction);
o a: total width of overall structure in z-direction;

e b: total depth of the overall structure in y-direction.

With these definitions, the boundary condition:-

a=h+z+s1+ly=ts+22+ s+ 1 (31)

le.:-

T + $1 = I + S9 (32)

applies. The structure shows a periodicity in z-direction, hence only one cell needs to be
analysed.

19
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#

4.2 Longitudinal electron motion and interfacial polarisation

The expressions Eqn (1), (2) and (3) for the Maxwell-Wagner condenser formed in y-direction
remain of course valid, but with:-

o ¢ = ¢ — je' effective complex permittivity of the condensor formed by the DUT and
one pair of ohmic fingers (one cell);

o 7. = RyC,: time constant of equivalent circuit for contacts (in y-direction);
e 75 = R4C4: time constant of equivalent circuit for DUT,

— _ RaRa(CetCa) _ RyratRgre _ Schatelhe | . : s
s T=RC= Rair = RS = aran.. time constant of equivalent circuit for
two-layer condenser;

¢ Ry = h./[2(z1 — s2)boe) = he/[2(z2 — $1)bo): equivalent circuit resistance for contact
platefingers. The factor ’1/2’ orginates from taking the average height in the condensor
plates, because the source for the longitudinal currents is now placed sideways. This
assumes that the current density is uniform throughout the cross-section, which is an
approximation;

o C.=(z1— s2)be.fh;: equivalent circuit capacitance for contact plate fingers;

o Ry = hyf[(z1— 32)bwel]]: resistance of equivalent circuit for contact plate fingers (note:
expression contains z; — g, not 21 1);

o Cy=(z1— 82)belifhy: capacitance of equivalent circuit for contact plate fingers (note:
expression contains 21 — 5o, not 21 1);

o C, = (z1— s2)bey/(ha+ 2h.): capacitance of a vacuum condensor.

4.3 Transverse electron motion

The expression Eqn (13) can still be used but with different definitions and equivalent ex-
pressions for the various network elements:-

o Oy= i(”—};ﬂﬂz equivalent network capacitance of the DUT;
¢ Ry= w—c,,(—x"fm: equivalent network resistance of the DUT;

o Bou(z—s9) = %;—:% + 252 equivalent network resistance® of finger 1 across a distance
z — 33 {s3 € £ < z7) in the transverse direction. This expression is based on the
previously obtained equivalent result for the one-dimensional capacitor;

o Rog(z— 1) m 2L 4 2220 equivalent network resistance of finger 2 across a distance
z — 81 (81 £ < z,) in the transverse direction;

o R, = R+ Ruo total two-finger equivalent resistance;

$Note earlier remark on approximation of uniform current density for computing R:;.

20
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o e =¢ — je”: complex permittivity of the DUT;
e 0. = p;*: surface conductivity of the conducting plating material;

Integrating yields the expectancy values (R.n) and {Reo):-

_ tl + 82 fg dy f[-‘)r1—32 Rd1(2)d$ _ tl + 89 1 — 82 . T + 2t1 -+ 89
Read = S V" fagiods  ohd T 2odd T om0
ty+ 51 fé’ dy o? " Reo(z)de  ta+s1 , Z2—81 22+ 2+
Rc = = =
(Retz) ocheb fé’ dy o> " dx ochch + 20:hb 20,.h.b (34)

Note the different constant factors in each one of these expressions: the factor '1/2’ is a
result of the spatial averaging of the capacitor’s resistance in z-direction. For the part of
the finger that does not form a capacitor with the other finger, the multiplying factor is ’1’
as the current distribution in this section is constant. The expectancy value for the total
transverse resistance is obtained, using Eqn (31), as:-

a
(Ret) = (Ber) + (Reta) = oohb (35)
The expectancy value for the overall loss tangent is therefore:-
-1 -2 2
(tandr) = Ry™ + (R} Ry [1 + (wCaRa)]
wCly
¢ a(xy — 89) we' e\ ?
= ?+2_—hchd ;C— 1+ o
= tanbg+ wK3Cy (36)
with
E”
tandy = = (37)
2a 261
K = = [1 + tan? 6,) (38)

It is interesting to note that K3 is independent of 1 2 and s, o, i.e. the detailed lengths and
spacings of the individual fingers inside the capacitor: K3 only depends on the overal (outer)
aspect ratio a/b. Eqn (36) shows that the ohmic contribution of the electrodes to the overall
loss tangent of the capacitor is only dependent, linearly, upon the overlap z; — 83 = £ — 31.
Of course, because of the additional dependence upon @, it is also implicitly dependent upon
t}_ and tg.

The above analysis and results hold for a single capacitive element (one finger pair). For an
interdigital capacitor consisting of N such parallel finger pairs (N parallel capacitors formed
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by N +1 fingers), the equivalent circuit admittance is NY and the above expression for the
loss tangent remains applicable, because:-

Re(NY) _ Re(Y)
Im(NY) Im(Y)

tan 5T =

(39)

4.4 'Total electron motion

Substituting Eqn (3) into Eqn (36-38) the overall loss tangent, containing contributions of
dielectric loss and tranverse and longitudinal current resistive losses in the contact plate and
fingers, is obained.

4.5 Numerical results

A number of numerical simulations for the above model have been performed for a symmetric
capacitor type, i.e. for which z; = =, a z, 81 = 82 EY 8,1t =t 2 {. Hence the finger length
and finger spacing are related through:-

s=a—2t—=z (40)

and the finger overlap distance (capacitor width) is:-

z—s=2z+t)—a (41)

The effective permittivity € = ¢’ — j€" of the condenser is computed first, from input data
(estimates) for the individual layers, € — jei and €, — jo./(we,). This € is then used to
compute losses due to transverse currents.

Figs 17-22 show the dependency of the overall loss tangent tanér as a function of various
variables for several constant parameter values:-

e Fig 17: tanéz(f) for selected values of z/a;

o Fig 18: tan §7(f) for selected values of h./q;

o Fig 19: tandp(z/a) for selected values of f;

¢ Fig 20: tan §7(k./a) for selected values of f;

o Fig 21: tané7(h.fa) for selected values of z/a;

o Fig 22: tanér(tanéy) for selected values of f.-

By virtue of Eqn (36), the dependencies of tanér on hyfa are qualitatively the same as to
those on A./a. ' '
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Froquency (MHz)

Figure 17: tan ér as a function of f for z/a = 0.51,0.60, 0.75 and 0.99. a = b = 10.0002mm,
t=h,=0.1 pm, by = Imm, €;/¢, = 10, tané; = 107%,0, = 2.1 x 107 S/m.

10'
Frequency {MHz)

Figure 18: tanéz as a function of f for h./a = 0.01, 0.1, 1 and 10. @ = b = 10.0002mm,
z/a=10.8,t=0.1 ym, by = lmm, €/, = 10, tan bz = 10~ = 2.1 x 107 §/m.
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Figure 19: tanér as a function of z/a for f = 1MHz, 10MHz, 30MHz and 100MHz. a = &
= 10.0002mm, ¢ = h, = 0.1 pm, g = 1lmm, €}/¢e, = 10, tand; = 10~*,0, = 2.1 x 107 S/m.

1 —s T L

e fatMHz :
...... clefedbbdl cae fatoMHz
...... o imiwre TaS0MHzZ

e Rty T TR 5 s = APHLIES SIRRRS TR ARV 31 [RPSORY 1=100MHz

............

Figure 20: tanéy as a function of k./a for f = IMHz, 10MHz, 30MHz and 100MHz. a = b
= 10.0002mm, z/a = 0.8, kg = lmm, €}/¢, = 10, tanéy = 107*,0, = 2.1 x 107 S/m.

24



NPL Report CEM 3

Figure 21: tanér as a function of A./a for z/a = 0.51, 0.60, 0.75 and 0.99. f = 1MHz, hy
= lmm, €}/e, = 10, tan 6z = 107% o, = 2.1 x 107 S/m.

fu1MHz

-——  {«iOMHz
............ {=30MHz
i ——  fu100MHz
1 0.; N .
10° 10* 10
tan ad )

Figure 22: tanér as a function of tané; for f = 1IMHz, 10MHz, 30MHz and 100MHz. a =
b = 10.0002mm, z/a = 0.8, A, = 0.1mm, hg = 1lmm, €}/¢, = 10, 0. = 2.1 X 107 §/m.
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5 Proposed experimental verification procedure

To check the accuracy of the proposed model, a sequence of at least five experiments should
be performed. We restrict the discussion to the example of a disk capacitor.

First, a DUT 1is chosen and its tanédy is estimated. This estimate is required in order to
properly select the dimensions and properties of the metalisation, o, k¢, r. such that its
associated loss tangent is of the same order of magnitude of tané, in order to obtain a
measurable effect. The measured tan é7 for this configuration is then compared with (a) a
metalisation that is much thicker or thinner (but same r.), (b) another metalisation that
has a much smaller or larger contact area (but same k), (¢) another metalisation with the
original rc, k. but different o, (d) the original metalisation, but on a dielectric with different
thickness kq.

Second, in order to check the validity of the assumptions made on the effect of transverse
currents, one of the samples is operated at frequencies of the order of Eqn (19) (this may
well be in the microwaveregion). Alternatively, an extremely wide sample with large contact
area (r. ~ several metres) could be fabricated for use in the original MHz frequency range.
Several measurements, close to and half-way in between transverse resonance frequencies
should be made. Care must be taken to avoid a longitudinal resonance.

The latter experiment may be very impractical to realize at the frequency range of interest
(MHz). A more amenable method may be to excite the DUT under pulsed regime with time
gating, after which the response is Fourier transformed. The anticipated result for €'(w) is
then the typical duct-shaped response (dielectric relaxation), with a resonance in the optical
branch of the duct indicating the transverse resonance. The €’(w) response is expected to
show two resonance peaks: one at wy and one at the fundamental w;.

6 Supporting MATLAB demonstration and CAE soft-
ware

The MATLAB program:-

Breughel(C:)\MATLAB\ghill\ caplowloss.m

and the additional subroutines:-

Breughel(C:)\MATLAB\ghill\epsTp.m
Breughel(C:)\MATLAB\ghill\epsTpp.m

" have been developed during this study. They can be used can be used for the inversion
procedure of estimating e); — j¢} from measured values of €, — jef. Additional information,
description and user instructions can be found in the preamble of the main program.

A set of additional MATLAB demonstration programs:-
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Breughel{C:)\MATLAB\ghill\caplowlossdemo3.m
Breughel{C:)\MATLAB\ghill\caplowlossdermo4.m
Breughel(C:)\MATLAB\ghill\caplowlossdemo5.m

have been developed and used to generate the numerical examples in the previous sections for
the one-dimensional capacitor, disk capacitor and interdigital capacitor, respectively. These
codes can be used further to easily recompute tan §7 for values of dimensions and material
parameters other than those used in the previous examples.

7 Conclusion

The effects of transverse and longitudinal currents in the ohmic contact plates for a DUT
have been assessed individually for three types of parallel-plate capacitors: one-dimensional,
circular disk and interdigital, The transverse currents were found to constitute a transient
effect in the quasi-static approximation. They contribute to the overall loss tangent in
a manner indicated by Eqn (16). The longitudinal currents for non-perfectly conducting
ohmic contacts cause interfacial polarisation and give rise to an overall loss tangent given by
Eqn (4), with its 1st order approximation Eqn (6) for good conductors.

For each one of the three types of capacitor investigated, it was found that the overall loss
tangent can be written in the form:-

tandr = tanédy + wKCy [1 + tan? 64] (42)

where Cy is the equivalent circuit capacitance for that type of capacitor and the factor K
(in units Q) takes the following forms (cfr. previous sections for definition of symbols):-

¢ for the one-dimensional capacitor:-

_ 2(z.— )
K= s (43)

¢ for the circular disk capacitor:-

K = (Uchc)—l (:-‘_;)2 []'Og (:—;) - %] + %

2 (44)
() -1
P
o for the interdigital capacitor:-
2a
K= bheo, (45)

The present analysis does not include — but can be readily extended to include - fringing
effects, which involves additional correction formulae {(e.g. [2, 3]).
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