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SUMMARY

A methodology based on a new analytical model has been developed for predicting stress
transfer due to ply cracking in a cross-ply laminate subject to out-of-plane bending. The
model is valid for multiple ply laminates that can be unbalanced (i.e. non-symmetrical). Full
account is taken of the combined effects of in-plane uniaxial loading (leading to out-of-plane
bending when the laminate is non-symmetrical) and out-of-plane bending. Thermal residual
stresses and the associated bending arising from a through-thickness variation of the
temperature distribution are taken into account, although ply refinement methods are needed
to deal with any through-thickness temperature variation. The representations for the stress
and displacement fields satisfy exactly the equilibrium equations and both traction and
displacement continuity conditions at the interfaces between plies. The stress-strain equations
are satisfied either exactly or in an average sense for each ply or ply layer. Stress transfer is
governed by sets of fourth order ordinary differential equations that are solved by standard
methods. Solutions of the differential equations are used to determine the stress and
displacement distributions at all points in a laminate subject to combined uniaxial loading and
out-of-plane bending when equally spaced cracks are present in any of the 90 degree plies.

The stress and displacement distributions are used to predict the effective thermo-elastic
constants relevant to the bending of a laminate. Example predictions are given that illustrate
the capabilities of the model, including an investigation of the effect of ply refinement

techniques on the six effective thermo-elastic constants of a cracked laminate for a range of
crack densities.
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1. Introduction

Predicting the initiation and progressive formation of ply cracks in laminated composites
subject to the complex loading that is expected in composite components is an important
technological objective. This goal has recently been achieved [1, 2] for the case of general
symmetric laminates that are subject to general in-plane loading. A practically important
deformation mode, that has to date been rather neglected in the literature, concerns the
prediction of ply crack formation in laminates that are subject to out-of-plane bending. A
precursor to the development of such prediction methods is the need for a model to predict
the effective thermo-elastic constants for a cracked laminate that is subject to combined
uniaxial loading and out-of-plane bending. Such a model will be developed in this report,
although a brief description of the work is to be presented elsewhere [3].

Li et al [4] have developed a finite strip analysis of cracked laminates that is capable of
handling multiple ply laminates and out-of-plane bending deformation modes. Their
technique is based on a series representation for the displacement field combined with the
use of minimisation principles applied to the strain energy. Their analysis does not take
account of the effects of thermal residual stresses.

The objective of this report is to describe a new model of stress transfer for unbalanced
multiple-ply cross-ply laminates subject to out-of-plane bending for which plane strain
conditions prevail. Account is taken of the combined effects of axial loading and bending,
and of the effects of through-thickness temperature variations that also lead to out-of-plane
bending when laminates are symmetric, unsymmetric and/or asymmetrically cracked. The
assumption of plane strain means that there is bending only in one direction. Thus the
iconoclastic bending associated with thick plates cannot be treated.

The new model is based on a representation for the stress and displacement fields that satisfy
exactly the equilibrium equations and both traction and displacement continuity conditions
at the interfaces between plies and ply elements if ply refinement techniques are employed.
The stress-strain equations are satisfied either exactly or in an average sense for each ply or
ply layer. Extensive use is made of recurrence relations that arise by imposing the continuity
of tractions and displacements between the layers representing the laminate. Stress transfer
is governed by sets of fourth order ordinary differential equations that are solved by
standard methods. Solutions of the differential equations are used to determine the stress and
displacement distributions at all points in a laminate subject to combined uniaxial loading

and out-of-plane bending when equally spaced cracks are present in any of the 90 degree
plies.

Because the analysis is developed for laminates that may be non-symmetrical, hybrid in
nature so that plies are made of more than one type of material, subject to combined uniaxial
loading, out-of-plane bending, and non-uniform through-thickness temperature distribution,
the effective stress/strain relations describing the deformation characteristics are complex in
nature but predictable. The major difficulty encountered is characterising the various thermo-
elastic constants needed to describe behaviour. A variety of effective constants are defined

and methods developed for their prediction as a function of laminate geometry and crack
density.
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2. Geometry and basic equations

While a composite laminate is normally considered to comprise a set of plies perfectly
bonded together, it is useful to introduce the concept of perfectly bonded composite layers
where there may be more than one layer allocated to each ply of the laminate. The
refinement of plies into such layers will enable through-thickness stress, displacement and
temperature variations in each ply to be investigated, leading to more accurate modelling of
the stress and displacement fields. A laminate consisting of N+1 perfectly bonded layers of
0° and 90° plies is considered within a Cartesian coordinate system such that the x-axis is in
the through-thickness direction, the y-axis is in the axial direction while the z-axis is in the
in-plane transverse direction. The origin is selected to lie on the upper surface of the
laminate, i.e. it lies in the first of the layers of the laminate which are labelled i = 1..N+1
from top to bottom. The layer interfaces are located on the planes x = x, i = 1..N where

X, =0 and xy,; = h, the total thickness of the laminate. The thickness of the i* layer is
denoted by h, = x; - x;,.

The modelling assumes that the laminate composite is in equilibrium such that the following
equilibrium equations are satisfied for each layer in the laminate

X o+ A Z =0, (1)
ax ay dz
do . do,, . oo, -0, @)
ox ay az
do, . acyz . do,, - o, @)
ax dy dz

where the stress tensor is symmetric such that

c_=0_, c_=0_, o =0 @
xy yx

The displacements within the i* layer in the x, y, and z directions are denoted by u,, v, and
w; respectively. The strains in the i* layer are then given by

€ =1, & =_1, g=__1, ®)

. . 1|0u ov, , . 1|9v, ow, . . 1lew, ou | (©)
1 _ ol _ _l __! , S-S - _ _l +__l_ , 1 _ ol o - __l +_l.
ST T Tw) T T Ty R T

The stress strain relations for the i layer are assumed to be of the form
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. O, ViV oo
€, =— - 26 - + qAT!, 7)
El E. ” E
vi . o R s
g, =- =0, + -2 - 2o +aAT,
EA EA A
v _Va , O
e'u=—_|0"m—__icr‘w+_i+(x‘TAT‘
ET EA ET
. _ Oy c . _ 9,
€y =—, £ =—, ©E,=-"
i 2n, 2p, y* 2,

The parameters E, V', pi' and of denote the Young’s modulus, Poisson’s ratio, shear modulus
and thermal expansion coefficient in the i* layer of the laminate. The subscripts ‘A’ and ‘a’
refer respectively to axial thermoelastic constants involving in-plane and out-of-plane stresses
and deformations. The subscripts T and t refer respectively to transverse constants for in-
plane and out-of-plane stresses and deformations. The parameter AT' is the difference
between the current temperature of the i* layer (assumed uniform in each layer so that non-
uniform through-thickness temperature distributions, but independent of y and z, can be
dealt with by ply refinement techniques where an individual 0° or 90° ply is represented by

a number of layers having the same properties) and the stress-free temperature of the
laminate.

3. Plane strain

Consider that the bending of the laminate occurs only in the x-y plane such that w = 0 for
all layers in the laminate. It is also assumed that the u; and v; displacements depend only on
x and y so that each layer has the same zero strain in the transverse z direction. From these
assumptions it follows from (5) and (6) that

g, =0, e; =0, ¢ =0.

Now (10) and (11) imply that

while (9) and (11) imply that

e i g il i
G:u B vtcxx * VA_E_idyy - ETchA‘T
A

so that o}, is non-zero but independent of z.
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On eliminating o}, in (7) and (8) using (13) it can be shown that

: . s
&= to - % L aar, s
Et EA
(RAI g o
g, =- 'Ei"d’“ + E"d”” + O, AT, (15)
A A
where
1 - 1 _ (V:)2 vla = v‘a “'V;Vi (16)
E B R OE E
y2 El
.15 i)' =t (17)
E. E, E!
A A
and
i
o = ol + v, a1\=(x;+v;_?i.a;. (18)
A

Thus when considering the plane strain bending of a composite laminate, the following
stress-strain relations and equilibrium equations should be satisfied as closely as possible :

. ou o v R
€, =t =% - _*¢ +AT (19)
xx X i i yy
t A
.oV, ¢ d :
e;ry = ____l_ = - _ao'lu + _yy + a:‘ A'Fi ’ (20)
dy E, E,

e;y=l[fi+ﬁ]=f_xz, @)
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00, . ao;y 0,
dx dy
do’ do
XY 4 W=0
ox dy

4. Interfacial and boundary conditions

The origin for coordinates is selected to be midway between two transverse cracks. As the
layers are assumed to be perfectly bonded the displacements and interfacial tractions must

be continuous through the laminate such that
0, (X, ¥) = o1 (x, )
0';}' (Xi, y) = 0':;1 (Xi, Y)

¢+ fori=1.N, |y|lsL.

ui(xi' y) = ui¢1 (xi’ Y)

Vi (xil Y) = Viq-l (xi' Y) )

Symmetry about the plane y = 0 implies that
' o, 0=0, v(x0=0, for 0<x<h,

and the outer surfaces of the laminate are assumed to be stress free so that for ly| <L
Ol y) =0, G ¥) =0, 00 y) =0, oNixy,y) =0
Because the surface of the transverse cracks are stress-free

o;y(x, +L) =0, o';y(x,. +[) =0 forx_ <x<x,

for cracked layers only. For a uniform distribution of transverse cracks symmetry requires
that for uncracked layers

o (x,+L) =0, forx Sx<x.
xy i-1 i

The axial displacement for all of the uncracked layers is assumed to have the form
v(x, £L) = {ac + ecx]L ,
where & and & are parameters whose values characterise the effective axial strain and

bending of the cracked laminate. The corresponding values for an uncracked laminate are
denoted by € and €.
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5. Representation for stress and displacement fields

5.1 The stress field

When a multiple ply laminate is subject to combined axial loading and plane strain bending,
the stress component o, in each layer is assumed to be a linear function of x. It then follows
from (23) that

o, (xy) = A@)x* + By)x + Q(y) , (30)

where Q(y) and A(y) and B(y) are functions of y. Without loss of generality these functions
can be redefined, for x, < x < x;, i=1...N+1, such that

X =X

%) = A B0, Q8 wheg - X
Hence on x = x,,
0, (%) = Aly) (32)
and on x = x
S, (y) = A/(y) + B/(y) + Q/(y) - (33)

A new function is introduced, P(y), where P-l' (y) is the value of this shear stress at the i
interface. The relation (33) may then be rewritten in the form

o, y) = PL®) + [P/y) -PL0]E + Q[E -&] i=1.Nsa1. @9

Using this representation, (24), is automatically satisfied such that
oy, ¥) =00, ¥) =P/(y), i=1.N. (35)
From (26),, and (34) it is clear that
Py(y) = P, (y) = 0. (36)

As these functions are zero for the undamaged laminate, as discussed later, on
integrating (36)

P(y) = Py, () =0. (37)

On substituting (34) into (22) it can be shown that
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oL(x y) = [-P::;(y); * (Pl5) B! () &2
(38)

=Y 1 3 _ 1., + s - +
Q (y)[gf_,i & Hhi 5.0, i=1.N+

where S,,(y) is the through-the-thickness stress on x = X;.1- By substitution of (34) into (23) it
can be shown that

¢ (x y) = %[Pi_l(y) - P)] - @[2; -1]+6,(x), i=1.N+L

1

The quantity o(x) is the longitudinal stress experienced by the i layer of an undamaged
laminate when Pi(y) and Q(y) are equal to zero for all i.

5.2 The displacement field
Substitution of (38) and (39) into (19) followed by an integration with respect to x leads to

(x - x,,)?

— [z(P::;(y) - P/ (y))§, - 6P4(y) - Q" (7) (& - 2;)]

u i(xf Y) =

- 2[(7.0) - B9)8 - Q) (8 - 8 + o0

.-}
+(x -x,) GAT! + ﬁ +U,(, i=1.N+,
t

where U,,(y) represents the through-thickness displacement on x = x;, , and where

6'(x) = f omdn, i=1.N+L
X

On substituting (34) and (40) into (21) it can be shown that
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(x - x r " u 2
V(X y) = - —El[s(P’” ) - P (y))& - 20P" (y) - Q" (y)(2&* - 5;)}
R - @)
PL) |1 " oy =P/ (e LE 4 /| 1e2 1
+(x - x,) = E‘ E—; (Pi ] Pi-l(Y))EEﬁ Q') {-B—E.u Eél]
‘I(T (x = %)% = UL (x = %,) + V), i=1.N+1,
2E,

where V,,(y) is the longitudinal displacement on x = x,,.

5.3 The recurrence relations

By applying the relevant interfacial conditions (24) the following recurrence relationships can
be derived, fori=1..N:

h
5() = 2[Q ) - 3B, - 3B/ ()] + S, , (43)
h?
U0 = —=[Q"0) - 287 ) - 4P
(49)
: S
- E‘: [Pi_l(y) - Pi(y) + o’i‘(xi)] + d: AT! + -‘_-]%(ll). hi + Ui-l(y) ’
Vi) = - 12(;1::‘ [3Q" ¢ - 5P/ (y) - 15§ (y) |
h v
+ 3 (3B + 3P/(y) - Q') + —2(3BL) - 3P/ + Q)] | @)
6 M, E!

A
.2
B —2?81/-1(),) - hl le-l(y) + Vi-1(Y) .

t
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6. The undamaged laminate

The laminate is described as undamaged when no cracks have formed and all the stress
tensor components are zero with the exception of the Oyy and G,, as a result of plane strain

bending. Before the laminate becomes cracked it behaves in the manner predicted by beam
mechanics.

6.1 The stress field

When modelling the behaviour of the undamaged laminate the following equalities are
imposed: :

P(y)=0, for i =0.N+1
Q) =0, for i =1.N+1

S, y=0, for i =1.N

with the result that, from (38) and (39)

o =0, “;y =0(x), for i=1.N+1

Denoting the longitudinal stresses experienced by the i layer to be 6, and assuming the axial
strain to be linear in x the stress-strain relation (20) reduces to the form

v, ¢(x)

€E+8x=__-= _
9 E

+ (chi‘ATi . (50)

It then follows that for x,; € x < x;, i = 1..N+1

o(x) = E, [e +Ex - &LAT‘] ;

and on integrating with respect to x, it follows from (41) that

00 = By [ 28(x* - x2,) + (& - GAT)(x - x, )

It is assumed that stresses within the laminate can arise from any combination of mismatched
thermal expansion coefficients, an applied in-plane loading arising from an applied axial
force F acting at the mid-point between the upper and lower surfaces of the laminate, and
an applied bending moment per unit width of laminate M. From mechanical equilibrium

N 5
F=ho=Y foi(x)dx,

iwl X,

and
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i=1

a1 %
M=Y f[“%}q(x)dx 59

On substituting (51) into (53) and (54) the following expressions are obtained

N+

ho = ¥ E;{%e(xf - x4, ) + (e - AT (x, - xi_l)] (55)

i=l
and

N+t

M + %hzo =y E! [%e(xf -x2, )+ %(e - &AT')(x? - xf_l)] (56)

iwl

It can now be observed that for a laminate with a specified non-uniform temperature
distribution, defined by values AT, subject to a given bending moment per width M, and to

an effective applied stress o, the relations (55) and (56) enable the parameters € and € to be
calculated, and substitution into (51) enables the longitudinal stress distribution in each
layer to be found.

6.2 The displacement field

On using (46-49), which apply only for uncracked laminates, and (40) the through-thickness
displacement of the undamaged laminate is given by

u(x, y) = Ul(y) - %‘I‘_ o/(x) + AT (x -x ), 1i=1.N+l, (57)

A

where Uio(y) is the value of Uj(y) when the laminate is uncracked. The recurrence relation
(44) reduces to

Uly) = Ul(y) - ;_::ci'(x-l) +h&AT', i=1.N. (58)

A

The through-thickness displacement of the top surface of the undamaged laminate, at x = 0,
can be defined in terms of a length R,, the radius of curvature of this surface after loading.
The exact relationship is given by the well known formula

d?u
- - dy*

L
R, 2
1 +(_d_u]

3/2 (59)

dy

but for small deflections this reduces to
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1 _ _ du (©0)
R ¥

Hence, on defining the through-thickness deflection so that it is zero at y = 0 and symmetric
about y = 0,

w0, y) =UXy) = - 2”1;

On using (61) in conjunction with (58) the functions Uio(y), i = 1..N, may be calculated and
substituted in (57) to obtain the displacement components u, for an uncracked laminate.

From (50) the following expression for the longitudinal displacement v, of the undamaged
laminate is obtained

vix, y) = (e +éx)y.

Hence at the interfaces between layers the axial displacements are given by

V) = (e+ex)y = V), i=1.N.

The relations (57), (58), (61) and (62) enable the displacement components u, and v, to be
found provided that R, is specified. This variable is chosen such that equation (21) is satisfied
when the laminate is undamaged with the shear stresses being zero. Thus, it is essential that

=

7. Derivation of differential equations

This study of crack formation within a laminate centres around the assumption that the
composite behaves in a manner that obeys the basic stress strain and temperature relations.
It is now necessary to ensure that the functions P(y), Q(y) are calculated to satisfy this
assumption as closely as possible. The axial stress-strain relation (20) cannot be satisfied
exactly, for all x, by the representations that have been generated. The approach taken here
is to take the average and moment of (20) and demand that the resulting relations, which are
then independent of x, are satisfied exactly.

7.1 Averaging
The average of a variable f(x, y) over the interval x,, < x < x; of the i* element is defined to
be
£y = — [fx ydx.
h] Xa

On taking the average of (20)
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dv. ¥ _ 1 - .
— = - —0C,_ +.:_,.<5'yy + 6, AT, i=1.N+1 (66)
dy E E,
. -
It can be shown from (38), (39) and (42) that for i = 1..N+1
_ h
3, = =[Q"®) - 4P - 2P ()] + S, (67)

1

O,(y) = %[Pi-i(y) - B(y) + 0]()]| ,

(68)

3
- i

_[2Q" (y) - 12P" (y) - 3P"
3601';;[ Q" (v) ) )]

V() =

+

i
a

4P/ 2P/ / 2P/ 2P/ / h )
12ui{ L) + i(y)-Qi(Y)}*qui{ L) - 2P/) + Q(y)} | by

2
, h,
" =S - UL+ VL)

and

AT' = AT!.

(70)
On substituting (67-70) into (66), it can be shown that for i = 1..N+1
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h? i P'/-/l(y) 2 v,
12P + SP‘”” e 2 'HH + b = - __3
360?.:[ S0 <30 0) - 207 0]+ 5 :
Pl 1 290 Q'w|1 2¢ 1
F—_ - T = - _— — h + - [P,(Y) - Pi-l(y)]

6 |w E 2 1w, E |’ nE

A A

+V.’(y)+f:!_s. (y)—EU”(y)—E,S”(y)—e- x.—E ¢ =0
i-1 Ei i-1 2 i-1 6EI i-1 i 2
A t

7.2 The integrated moments

When the laminate is deformed the stress and displacement field should satisfy the integrated
moment of the axial stress-strain relation (20), where for any variable m(x, y) its integrated
moment for the i™ element is defined as

X
) = [xm y)dx.
X

On taking moments (20) may be written

dVi V; . 1 ., i i .
=-_2¢ +"_'6‘yy+aAAT . i=1.N+.

&y E " OE

A linear combination of the averaged strain equation and the integrated moment equation
is defined as

th, = hlrﬁ. - X, m,

i
i

usefully expressed as
X
ty) = [&mex y)dx,
Xy

where §; is defined by (31),. When this newly defined function is applied to the stress-strain
equation (20), the stress and displacement fields should satisfy the equations

—=- =6 +_6 +6 AT, i=1.N+,
dy E, " E 7

A

that ensures that (73) is satisfied. After the integration of the appropriate terms the following
expressions are found for i = 1...N+1



Page 18 of 41 NPL Report CMMT (A) 55

_ h? h
6.0) = 335 7Q" ) - Py - B 3)] + 5,00 7

. 1 1 hE, hE i (73)
6,®) = =[Pu) - B - 7Q0) + —28(B3x - h) + —2(e - GAT'),

h#
%) = - ——[23Q/ (y) - 133P/ 35p
o === E:[ Q" (y) ¥) - 35P" (y)]

+

(25P/,(y) + 15P/(y) - 7Q/(y)) + —~(15PL,(5) - 15P/(y) + 7Q/(y)) |n

120p

A

= h:3 s/ _hizU! +h1V
8—E: () 3 () 5 S\

79)

and

. h )
AT = _2_’AT‘. {ou)

The substitution of (77-80) into (76) and a multiplication by 2/h, lead to, for i = 1..N+1

P/ 2¢
1[133P.¢m @y) + 35Pifm @y) - 23Qim.r (Y)] + 1-1(}') _i‘ _ Tla_
25201‘-: 2w E]
) Pi” ) 1 ) ZV; 7Qi” W11 - 2?1 h
—4 4 =1 60 Y i i
V. E, hoE, (81)

vi.
3h E‘ [3P.,0) - 3B - Q)] + V., + 27 50)

2hi*ull( ) h“lz SI/( ) hi a 0
= e U, - €& - X.—_ E = .
3 l-ly 4E y 3

+

7.3 Expressions for the interfacial displacements

Treating (71) and (81) as a pair of simultaneous equations in U_l (y)and V,_1 (y) it can be
shown that for i = 1...N+1
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hz
Ui,_/l(Y) = i . [ 49 P:fﬂ (y) +1 4Pffﬂ (y) - ng.f (y)
420E; :
(82)
1 v 1 2v
PRIl -t i) e lr v 2 Q) - st ¢
; (y)[2 T y [ 556 ZE' (y) - 2 4O
and
v/ - i 63" + 21P™ - 130
T s (y) + 21P" (y) - 13Q" (y)]
hl1 2¢ (83)
* —|—= - —||5P/ ) - 5P\ - Q' ) .PH)-Pi)’fQi)
60[}1', E;_[ ¢ v (y] hE, v B (y]

i 2

h
- A8 (y) - — S (y) + e+ Ex, .
g e Y

It follows from (58), (61), (63) and (64) that

Uy =-¢, V/(=e+ex,, i=1l.N+1. (84)

The integration of (82) and (83) then leads to

h?
Gi-l(}’) = [49P”1(y) + 14P” (y) - 9QI/ W]+ -1(?’)
420Et 2
* Pi(y) - —l * Q(Y) —ZV; 2 j‘}Q (S)det (85)
B SE,  WE, 01

ij_iSi_l(y) , 1=1.N+
2E

t

where
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3

\Y = 63Pm +21 Pm - 130"
h, 29!
* Z{)" ix - —~—.a [5P;(Y) = 5P1{1(Y) - Q:()’)]
. (86)
y vi y
lEi f (P”(s) - P(s) + Q) )ds - Ea"f S _,(s)ds
i=1.N+1,
].ZEI 1-1(}’) 1

Uo) =0, -0y . Ve =V - Vi), i=0.N. (87)

7.4 Solving the recurrence relations.

From the recurrence relation (43) the following expression can be derived for S((y) on using
the boundary condition (26), that 6, =0onx=x,=0

S(y) = _E h [Q;’ (y) - 3P"(y) 3Pl.”(y)] i=1.N, S(y=0. (8

]']
During the bending of the laminate the external surface displacements Uy(y) and V,(y) are

non-zero. In order to operate the recurrence relations (44) and (45) it is necessary to define
displacement differences in terms of the displacements on x = x, = 0 as follows:

AUGy) = O -0y, i=0.N, (89)
and

AV(y) = Vfy) - V), i=0.N. (90)

The following expression for AI"J.I” (y) can then be generated from recurrence relation (44)

2

AUi// ¥) = 21: E] (Q.r.w V) - zpiw V) - 4P”” (}’))
=
1)
E—(P"l(y) P/(y)) + ’ =S5 i=1.N, AO, (y)=0
A t

The recurrence relation (45) provides the following expression for AV: (y)
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3

i h;
AVi/ (y) = E Tzol? [3 ’M'f (y) - 5Pinf (y) -15 P].:'j':f (y)]
j=t i

a

h‘ 1 Vi / " vla " " "
* ?] F BP:'-I(Y) % 3P1’(Y) = Q, (Y)) i ET(SPi-l(Y) = 3Pi Vi Q‘ (y)) 2

2

hi 7 3t . _ vo‘
540 -ROLe) | i=LN, AV (y) = 0
t

The relations, (91) and (92) will provide 2N equations for the determination of the 2N+1
unknown functions P(y), i = 1..N, and Q(y), i = 1..N+1. A further equation is required
which is obtained by imposing the boundary condition (26), that O, must be zero on x = xy,,
for all values of y. From (38) and (88) it follows that

N+1

¥ h].[Q‘.” (v) - 3P/,(y) - 3P" (y)] =0. (93)

j=1
Upon rearranging (93) and integrating twice with respect to y
N+1

N
Q) = FNlTl 3,'21 hi(P]._l(y) + Pi(y)) - ,21 h,. QJ(Y)

This relation is used to eliminate the function Qn.i(y) in terms of the other 2N unknown
functions, remembering from (37) that Py(y) = Pyaa(y) =0.

The bending moment per unit width M about the mid-plane of the laminate is given by

1 X ' N+ % B ¥ X _
M=3Y ’{(Zx-h)o‘wdx—iz-l:x{xo‘”dx igidndx.

On integrating (39) it can be shown that

N+ % N+1

X|
Y [oydx =X B - B + [omadx
X = . X

i=1
On using (37) and (53), the relation (96) reduces to the expected form
N+ %

o dx = ho
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Substituting (39) and (97) into (95) and integrating the appropriate terms it can be shown that

- h | h, T h? (98)
M = g; (PH(y) - F’I{y))[}(i w ?] - _G_Ql(y) + i[xci(x)dx - 70' .
On using the integrated form of (93) together with (98)
N+ N ]
M = Py(y)x, - Pua()xy, * E J.xci(x)dx o "1'%'0' ’ (99)
=ox,
which on using (37) reduces to
1 N4 %
M=_Y% f(Zx—h)oi(x) dx . (100)
2 %a

This expression is independent of y and the degree of ply cracking, and thus the bending
moment does not vary along the length of the laminate, as expected for the case when the
upper and lower surfaces of the laminate are stress-free.

7.5 The differential equations
Define functions Q(y) and ©,(y) to be
Q@ =0/( -0, ¢ -A0 () =0, i=1.N, (101)

where [_Ji” (y) is derived from (85), and A[-Ji” (y)is given by (91), and

oW =V - Viy) -AV/ =0, i=1.N, (102)

where \71, (y) is derived from (86), and AVi/ (y) is given by (92). From the definitions (89)
and (90) it is clear that Q(y) and ©,(y) are both identically zero. Thus on eliminating the

function Qy,(y) using (94), the following system of fourth order differential equations is
obtained:

N N N
EP™ (y) + ¥ G.P’(y) + ¥ H P(
21 it 2; i ) 21: i) (103)

N N

N
* 2@ ) * TGaQ ) * X HWQM) =0, = 1L.N,

i=1

and
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N

N N
; Fi,i+NPi”” ) + lz.; GirhNPi” () + ; Hifi*NPi(y)

N

N N
- ;Fi*N,hNQi”” (y) + ;GHN,PNQ{I (y) + _ZI:HHN,]'*NQi(y) =0, j=1.N

These differential equations are solved using standard techniques, as described in [5,6] for
the case of axisymmetric and laminate stress transfer problems.

8. Application of the boundary conditions

The functions P(y) and Q(y), for i=1..N, that are required to specify the stress and
displacement fields of a cracked laminate are now determined as the solution of the 2N

differential equations (103) and (104). To ensure a unique solution, 8N boundary conditions
must be imposed.

By imposing (27), and (28), 4N of the boundary conditions are found. It follows from (34)
that o;, = 0 on y = +L for all x only if

P/xL) =0, i=1.N,

Q/@xL) =0, i=1.N. (106)

Suppose there are m CRACKED 90° layers for which (27), is to be satisfied for all x. The
application of these conditions leads to the following 4m boundary conditions, derived from
(39) and (51),

Q0
I+
L
1
N =
-3
]
Th
-y
(g3

~[PeL) - PLD)] = & - AT + |, - Bl
hE, 2

iTA

The remaining required boundary conditions are found by demanding that the averaged and
integrated moment of (29) are satisfied for the N + 1 - m uncracked layers. It can be shown,

from (65), that
v (L) = + L{: [xi - _1_211] gc:l’ (109)

and from (75) that
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0(2L) = = i;:[e . [Xi - _;Je} (110)

where from (69) and (79), on substituting for Ui(y) and V((y) using (85-87), Vi(y) and ¥ (y)
can be expressed as

7 = o 2 [4PL,) + 2P/) - Q)] + —[Pr) - 7]
i 12 E}; i-1 i i hIE; i-1 i
(111)
v:- L] e hnl - - 1 N‘
E_;i-l(y)+ey+ XI-T y, 1=1L.N+1,
0(y) = ﬁﬁ;[zspi;(y) + 15P/(y) - 7Q/(y)]
* 6; [31’51()') - 3P7y) - Q‘(y)] (112)
i :i » hi hi .
- T'E_;S"‘(y) + ey + _6_.e.(3><i -h)y, i=1.N,

where
( ( / 113
o) = [P@ds, Q) =[QEds, S = [s@ds, i=1.Net

Because of (88), (105) and (106), it can be shown from (109-112) that the boundary conditions
for uncracked layers are of the form

ZQi‘(,iL) =+ (& -¢), (114)
h2E L
Ii [PrL) - PraL)] + th(TL) (xi - E] =+ (g -€). (115)
hE,L h?E, L 2

The parameters €, and & are not known in advance and need to be eliminated. This is

achieved by subtracting the j" relations (114) and (115) from the others, yielding the following
4(N - m) conditions for UNCRACKED layers
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Py (L) - Pi(L)] .13}_ [Pr L) - Pl ]
ot (116)
c D o ony - FED o Cny -0
] o

QL) _ QL)
h?E; g

where the j* layer is selected to be any one of the uncracked layers.

It is convenient to combine the boundary conditions for the cracked and the uncracked layers
into a single set of 2N boundary conditions. Upon introducing a new dimensionless
parameter A;, which takes the value 1 if the i" layer is cracked and 0 otherwise, the conditions
(107), (108), (116) and (117) are incorporated as follows

1-2
(B - PreL) - 1E" (Pr,sL) - P;(:L))]
i ;A
C1-n|Qen q( 2
| (2x - h) (2% - h)

-

A [P( L) - P, (iL) [ o AT [x h*}s}
+L) - - + - —
" hE 4 b2

iTA

for i=1.N+1, i=#j

1-A1QED Qe . QL) A
R e R = ot
L | nE, hE hZE‘ 2

for i=1.N+1, i#j

The relations (105), (106), (118) and (119) thus provide the necessary 8N boundary conditions
for a unique solution of the differential equations (103) and (104).
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9. The modulus of flexural rigidity

The well known Bernoulli-Euler law for the bending of a homogeneous beam states that

.M (120)
R EI

where R is the radius of curvature of the neutral axis of the beam, M is the applied bending
moment per unit width, E is Young’s modulus and I is the second moment of cross sectional
area. The product EI provides a measure of the flexural rigidity of the beam, and is called

the modulus of flexural rigidity which can be expressed, for the case of the bending of a
cracked laminate, as

El =

M
—, 121
5 (121)

where, from (114) assuming symmetry about y = 0

2Q*L
, - o290 122
h?ElL

where j is the label of the previously selected uncracked layer. The quantity EI was called the
flexural modulus in an associated publication [3] but this terminology will not be used here

as such terminology is to be defined below in a way that more naturally relates to a
modulus. ‘

10. Thermoelastic constants of cracked laminate

When considering temperature changes applied to a cross-ply laminate that is unbalanced
and/or contains unsymmetrical ply cracking in the 90° plies, an out-of-plane deformation
occurs that is characterised by the flexural thermal expansion coefficient. Because linear

elastic deformation is assumed, the relationships defining the thermoelastic behaviour of the
laminate are

g, =Ac + BM + PAT, (123)

he¢ =Co + DM + QAT, (124)

where A, B, C, D, P and Q are the effective thermo-elastic constants for a laminate subject
to plane strain conditions. The following identifications are then made

a=l, p- 2 p.g, (125)
E, h*Ej

where E : and &, are the axial reduced Young’s modulus and thermal expansion coefficient

for the cracked laminate, and where E; is the corresponding flexural modulus. The
parameters B, C and Q are written
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B=-___ C=8, Q=¢&

fl fl

The relations (123) and (124) may then be expressed as

e= = - 2N LAt
B RE
12M

he, = §j0 + = + 6AT

Eq

When the laminate is homogeneous and uncracked, and possibly divided into layers, so that
E,=E,, 6, =6, andAT, =AT, foralli,

A A

it can be shown that

Ec=E, E=E, sS=0, 6&=0,

indicating why the identifications (125) and (126) have been made. By comparing (121) and

(128) it is clear that Eg is related to the modulus of rigidity EI for a cracked laminate. The
relations (127) and (128) are equivalent to those defined for laminate analysis where stress
resultants and curvature are used in place of the effective axial stress ¢ and £.

It is useful to introduce precise terminology for the thermo-elastic constants appearing the
the relations (127) and (128). The various laminate constants are labelled as follows:

E, - axial Young’s modulus of cracked laminate for plane strain conditions,

E; - flexural modulus for uniaxial loading of cracked laminate,

Sy - uniaxial compliance for bending of cracked laminate,

Eq - flexural modulus for bending of cracked laminate,

6, - axial thermal expansion coefficient of cracked laminate for plane strain conditions,
6 - flexural thermal expansion coefficient of cracked laminate.

11. RESULTS OF PREDICTIONS

The new model of stress transfer that can account for the effects of bending and thermal
residual stresses has already been tested [3] by considering a problem for which an accurate
solution is already known. A more detailed discussion of these results is now given. The
methodology was applied to the tensile deformation (without bending) of a simple symmetric
[0/90,/0] laminate which has been solved using the generalised plane strain stress transfer
model described in references [7,8] and using ply refinement techniques to obtain accurate
solutions. The materials properties selected for these calculations were for a laminate whose
ply properties correspond to a filament wound composite where Silenka E-glass 1200tex fibre
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reinforces MY750/HY917/DY063 epoxy [9]

vy =04 1, = 5.83 GPa
o, = 8.6 x 10¢/°C or = 26.4 x 10°¢/°C

As an example not intended to be physically realistic, an axial tensile stress of 1 GPa was
applied to the laminate and the temperature change was selected so that AT = -100°C. The
thickness of the outer (° plies was selected to be 0.25 mm while the single inner 90° ply had
a total thickness of 0.5 mm. A system of equally spaced ply cracks in the 90° ply was selected
so that the crack separation was 5 mm, corresponding to a crack density of 0.2 cracks/mm.
When carrying out the generalised plane strain analysis for the special case of plane strain
conditions using the methods of [7,8], the 0° plies were each divided into 20 layers having
the same properties, while the inner 90° ply was divided into 40 plies. The layers nearest to
the interfaces between the 0° and 90° plies were then subdivided successively three times in
order to achieve layer refinement near the crack tip singularities. When applying the new
model described here, the 0° plies were each divided into 5 layers while the inner 90° ply was
divided into 10 layers. Again the layers at the ply interfaces were successively subdivided

three times. The results of predictions using the two methods for this special case are shown
in Figs.1-3.

Fig.1 shows the axial stress in the plane of a ply crack between the centre of the ply at
x =h/2 and the outer surface at x = h. In the region 0 < x - h/2 < 0.25 where the 90° ply is
cracked, the axial stress is exactly zero as required. Equivalent finite element calculations do
not usually satisfy this boundary condition without some error. For the region 0.25 < x -
h/2 < 0.5 of the 0° ply, the axial stress is non-uniform exhibiting a singularity at the crack
tip x - h/2 = 0.25. The step function (thick line) is the prediction based on the generalised
plane strain model [7,8] while the thin line corresponds to predictions based upon the new
model described here. The axial stress must be discontinuous at ply interfaces. It is seen,
however, to be discontinuous also at all layer interfaces, especially as the singularity is
approached. In spite of this the two models exhibit very good agreement leading to
confidence in the methodology. In the region of the singularity the discontinuity in axial
stress can be large (as shown) when using ply refinement. The axial stress could have been
averaged across each ply element and results plotted as a step function of averaged stresses.

Fig.2 compares predictions for the axial displacement in the plane of the crack where the
crack opening is clearly seen. The crack opening profile predicted by the two methods is
almost coincident, but in the uncracked region x - h/2 > 0.25 where the axial displacement
should be uniform, very slight perturbations of the axial displacement are observed for both
methods. The exact solution of the elasticity problem would lead to a uniform axial
displacement distribution for the uncracked ligament. The fact that the predictions of both
models are almost uniform is an indication of the high accuracies that can be achieved by the
methodology.

It should be noted that far fewer layers were used to refine the plies when using the new
model. This is because the representation used for the stress and displacement fields already
has some degree of through-thickness variation. If many more ply elements are used to
represent each ply then numerical instabilities are encountered arising from the influence of
the stress singularity at the ply crack tip. If such problems arise then they are easily identified
and corrected by using a lower level of ply refinement.

Fig.3 compares the predictions of the distributions of the normal and shear interfacial stresses
along the length of the interface between the 0° and 90° plies. It is not possible to distinguish
between the predictions of the new model and those obtained using the generalised plane
strain model.
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The new stress transfer model has already been applied [3], using the properties given above,
to a symmetric [0/90/0/90/0] laminate where each ply has the same thickness 0.2 mm. A
bending moment per unit width of 1 kN was applied together with a uniform temperature
difference AT = -100°C. Each ply was subdivided into 5 layers of equal thickness and each
layer next to the interfaces between plies was successively subdivided twice. An array of
equally spaced ply cracks having separation 1 mm was considered in only one of the 90°
plies. Fig.4 shows the resulting predictions of the axial stress on a plane containing one of
the ply cracks. It is seen that the axial stress is exactly zero in the region of the crack (0.6 <
x < 0.8), and that in the uncracked half of the laminate 0 < x < 0.5 there appears to be little
effect of the cracked 90° ply. This, however, is not the case as the presence of the crack leads
to additional bending. This additional bending is such that the axial displacement remains
linear in x for the uncracked plies as seen in Fig.5 where the axial displacement distribution
in the plane of the crack is plotted. The crack opening profile is clearly seen together with
very slight errors near the crack tips where the axial displacement oscillates with a small
amplitude rather than being a linear function that would arise from an exact solution.

Having discussed predictions for the stress and displacement distributions in a cracked
laminate, it is now appropriate to consider the effect of ply cracking on the thermo-elastic
constants appearing in the relations (127) and (128) that characterise the behaviour of any
cross-ply laminate subject to combined axial loading and bending, and to uniform
temperature variations. The thermo-elastic constants have been calculated as a function of
crack density for a GRP cross-ply laminate of the type [0/90,/0/90,/0] using the same ply
properties as used above for other predictions. The cracks were assumed to be uniformly
distributed in just one of the 90° plies. The number of ply elements used to represent each
ply in the laminate is denoted by n taking values in the range 1-5, and in each ply the
elements were assumed to have the same thickness. There was no ply refinement near the
crack tips.

Figs.6-11 shows the predicted values of the effective thermo-elastic constants of the laminate
as a function of crack density for values n = 1...5. It is seen in all cases that as ply refinement
increases from n = 1 to n = 5 the predictions are converging to an accurate estimate of the
properties for all values of the crack density in the range up to 4 cracks/mm. It is clear from
the results that the selection of n = 1 (ie. no ply refinement) leads to results that are
significantly different to the accurate solution specified when n = 5.

12. CONCLUSIONS

1. The new model of stress transfer, when applied to the axial loading (under plane strain
conditions) of a symmetric laminate leads to stress and displacement distributions that are
very close to the predictions obtained using a generalised plane strain model, thus
demonstrating the accuracy and consistency of both types of model.

2. The application of the model to the bending of a [0/90/0/90/0] laminate where cracks

are present in just one of the 90° plies leads to accurate solutions for stress and
displacement.

3. The methodology has been applied to the prediction of the dependence of the effective
thermo-elastic constants of a cross-ply laminate (having unsymmetrical cracking) on crack
density, where it has been shown that ply refinement is needed to improve the accuracy
of predictions.
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FIG.1: Comparison of the axial stress distributions in the plane of a ply crack predicted by the new
model and that of an existing generalised plane strain model for a cross-ply GRP laminate.
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FIG.2 : Comparison of the axial displacement distributions in the plane of a ply crack predicted

by the new model and that of an existing generalised plane strain model for a symmetric
cross-ply laminate.
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FIG.3 : Comparison of the interfacial shear and normal stresses predicted by the new model and
that of an existing generalised plane strain (G.P.S.) model for a cross-ply GRP laminate.
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FIG.4 : Axial stress distribution in ply crack plane for the lower 90-ply of a [0/90/0/90/0]
GRP laminate.
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FIG.5 : Axial displacement distribution in the ply crack plane for the lower 90-ply of a[0/90/0/90/0]
GRP laminate.
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FIG.6 : Dependence of the axial modulus on crack density for a symmetrical GRP cross-ply
laminate having non-symmetrical ply cracking. The parameter n denotes the number
of layers used to represent a singly ply.
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FIG.7 : Dependence of the flexural modulus for uniaxial loading on crack density for a symmetrical
GRP cross-ply laminate having non-symmetrical ply cracking. The parameter n denotes the
number of layers used to represent a single ply.
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FIG.8 : Dependence of compliance for bending on crack density for a symmetrical GRP

cross-ply laminate having non-symmetrical ply cracking. The parameter n denotes
the number of layers used to represent a single ply.
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FIG.9 : Dependence of the flexural modulus in bending on crack density for a symmetrical GRP
cross-ply laminate having non-symmetrical ply cracking. The parameter n denotes the
number of layers used to represent a single ply.
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FIG.10 : Dependence of axial thermal expansion coefficient on crack density for a symmetrical GRP

cross-ply laminate having non-symmetrical ply cracking. The parameter n denotes the
number of layers used to represent a single ply.
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FIG.11 : Dependence of flexural thermal expansion coefficient on crack density for a symmetrical
GRP cross-ply laminate having non-symmetrical ply cracking. The parameter n denotes
the number of layers used to represent a single ply.



