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SUMMARY

The report provides the details of the development of a new stress transfer model for
predicting the stress and displacement distributions in a general symmetric laminate having
a uniform distribution of cracks in some or all of the 90° plies. The laminate can be subject
to any combination of in-plane biaxial and shear loading, and the analysis takes full account
of the effects of residual stresses arising from thermal expansion and moisture effects,
assuming that the temperature and moisture content are uniform throughout the laminate. The
method of predicting the effective hygro-thermo-elastic constants of the cracked laminate is
described, and it is shown by considering ply crack closure that various inter-relationships
must be satisfied and this has been verified by specific applications of the theory. Preliminary
predictions of the dependence of the hygro-thermo-elastic constants on crack density have
been made for quasi-isotropic [-45/45/0/90], carbon fibre and [30/90], glass fibre epoxy
laminates.
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1. Introduction

The prediction of the initiation and progressive growth of ply cracks in laminated composites
has received a great deal of attention in the literature whose detailed review is beyond the
scope of this paper. Much work has concerned the prediction of ply cracking in cross-ply
laminates subject to uniaxial loading using either shear-lag approaches (e.g. [1]) or variational
techniques (e.g. [2-8]). Complete solution techniques that predict both stress and displacement
distributions in a cracked laminate have been developed by the author for multiple-ply cross-
ply and simple angle-ply laminates [9-14] subject to in-plane biaxial loading. The analytical
methods and associated software have now been thoroughly tested and the methodology
extended to the practically important case of general symmetric laminates that is to be
considered in this report.

The objective is to provide the details of the theoretical modelling that has been used to
develop a reliable technique for predicting stress transfer between the neighbouring plies of
a general symmetric laminate that may have uniformly spaced ply cracks in some of the plies
having a 90° orientation with respect to the principal loading axial direction. Generalised
plane strain conditions are assumed that are expected to be valid for those regions in any
laminate subject to general in-plane deformation that are not affected by edge stress transfer
effects. Generalised plane strain deformation, while reducing the problem to one of
essentially two dimensions, does take account of the effects of general in-plane loading of the
laminate characterised by biaxial in-plane loading combined with in-plane shear loading. The
methodology assumes that there is perfect bonding between the plies of the laminate, and
the analysis is developed so that account can be taken of the effects of both uniform
temperature and moisture changes. The technique is basically analytical, but because of the
resulting complexity, the analysis must be handled numerically when making predictions of
the behaviour of the laminate. In applications of the analysis, ply refinement techniques may
be used where each ply of the laminate is subdivided into layers having the same properties
in order that through-thickness variations of the stress and displacement components can be
taken into account. Such through-thickness variations are of importance in the
neighbourhoods of ply cracks.

The methodology to be developed is based essentially on a single assumption where the
through-thickness shear stresses are assumed to be linear functions of the through-thickness
coordinate in each layer of all the plies. For this representation unknown functions of the
axial coordinate are introduced that represent the shear stresses on the interfaces between
each layer. A consequence of this assumption is that the axial stress in each layer is
independent of the through-thickness coordinate. The equilibrium equations are used to
determine the corresponding distributions of the remaining relevant stress components. Three
of the six independent stress/strain relations are then used to determine the displacement
field that corresponds exactly to the stress field. The remaining three in-plane stress/strain
relations are applied, on averaging through the thickness of each layer, to derive a set of
simuitaneous fourth order ordinary differential equations that determine the unknown
functions of the stress and displacement field representation. It has been shown (unpublished
work) that the averaging procedure adopted ensures that the stress and displacement field
assumed leads to a stationary value for the Reissner energy functional [15] that has been
applied to laminates by Pagano [16]. Thus the solution developed here would be wholly
consistent with solutions obtained using such a variational technique. The representation is
thus one of high quality and can be expected, on using ply refinement techniques, to lead to
solutions for the stress and displacement fields that are almost exact. The numerical solution
method is such that the governing differential equations and associated boundary conditions
can be checked for accuracy.

It is emphasised that the methodology provides the distribution of both the stress field and
the displacement field, unlike variational techniques based on complementary energy that
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do not lead to complete solutions. It is thus possible to predict all the effective hygro-thermo-
elastic constants for a cracked laminate. Crack closure arguments will be used to derive inter-
relationships between these constants that must always be satisfied. The satisfaction of these
inter-relationships can be used as a measure of the quality of a stress transfer model, and of
the associated numerical analysis.

2. Geometry and basic field equations

The problem under consideration concerns the in-plane deformation of a symmetric multi-
layered laminate constructed of 2N+2 perfectly bonded layers which can have any
combination of orientations provided that laminate symmetry is preserved. As symmetry
about the mid-plane of the laminate is assumed, it is necessary to consider only the right
hand set of N+1 layers as shown in Fig.1. A global set of rectangular Cartesian co-ordinates
are chosen having the origin at the centre of the laminate as shown in the figure. The y-
direction defines the longitudinal or axial direction, the z-direction defines the transverse
direction and the x-direction defines the through-thickness direction. The locations of the N
interfaces are specified by x = x;, i = 1..N. The mid-plane of the laminate is specified by
X =X, = 0 and the external surface by x = xy,, = h where 2h is the total thickness of the
laminate. The thickness of the i" layer is denoted by h; = x, - x;,. The orientation of the i
layer is specified by the angle ¢; (measured clockwise) between the y-axis and the fibre
direction of this layer. In addition to the global coordinates (x, y, z), sets of local rectangular
Cartesian coordinates (x/, y/', ), i = 1...N+1, are introduced in each of the layers so that the
fibres in the i* layer are parallel to the y,-axis. The z/-axis is directed in the in-plane
transverse direction of the i layer and the x,"-axis is in the through-thickness direction. Both
local and global coordinates share the same origin which is located on the plane of symmetry
of the laminate.

The region to be considered occupies the region |x| <h, |y| S L, |z] £ W of the
laminate, and is such that the faces of the laminate are stress-free. Ply cracks in some or all
of the 90° plies are assumed to form only on the planes y = +L indicating that the laminate
must be such that the orientation of fibres in at least one set of plies is aligned in the z-
direction. This assumption is not a limitation as general in-plane loading conditions are
considered so that if cracks form in another single orientation the laminate can be rotated so
that the crack planes are parallel to the z-axis and the applied stresses transformed to values
appropriate for the new orientation. Stress, strain and displacement components, and material
properties associated with the i" layer are denoted by a superscript or subscript i.

The following equilibrium equations, for stress components o,,, 0,,, etc. referred to global
coordinates, must be satisfied for i = 1..N+1

3. s, ac M
al. A 2 =0,

dx ay oz

do,, . do, . 30';z -0, )

ax ay dz

do., . 30‘;’z . do,, _ 0. 3)
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The stress-strain relations referred to global coordinates are given, for i = 1..N+1, by
du

do= ol = 8i0 + Bi%), + Bidh * 8T, + GIAT + BiAc, @
i _avi_ i i i i gt iAT iA (5)
eyy=Ty"'gxz°Jn+gzzdyy+gzsdzz+gz4yz+a2 +B2C’
i = awi i ol i i i g i g i i (6)
€a = = = 8u0a * 820y * 8O * 8uOp * RAT + BAc,
i v, awi i i iy iy i i )
zeyz = oz * a_y = gudu b g24clyy + g340lzz + g«Gn + u'4AT * BAAC 4
i 1| du,  dv, L _ 8
exys-f[—ig*'—B;]:a“c;y * 2,0, ©
o 1] 9 ow, i g i o 9)
8HEE{E+—a—x—]=auo’xy+anG;zl

where AT and Ac are the uniform temperature and moisture content differences, defined
respectively by AT = T - Ty and Ac = ¢ - ¢, in which T and c are the current temperature and
moisture content of the material, and T, and ¢, are the temperature and moisture content for
which the strain is zero and the material is everywhere stress-free, with no internal or
imposed external stresses. The parameters u,, v; and w; denote the displacement components
for the it layer in the x, y and z directions respectively, and e, &y, etc. denote the
infinitesimal strain components.

By using the procedure defined in Appendix A, and letting m; = cos¢, and n, = sin¢,, it can
be shown that the coefficients in the stress-strain relations (4-9) are related to the hygro-
thermo-elastic constants of the layers as follows, for values i = 1..N+1:

i 1
&u = 5’

t

. Vi v
Bp = "N — - M,

B E
. VoW
g, =-m’— -n2_ 2
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& 2ma, L (13)
& ] =y e x
E; E,
1T i1 T '-_1" =T Th
W E. E. E
Vi v
] \ A . A
B M om ow M e
- 2v,  2m; 2n} ( 6)
g, mn (m ) — : ; ;
i E E! E;
; , 1 NA m n

2 2m 2n? (18)
] 2 A T 1
n —
gL, mn (m nf) = E B E
N SR -
o o B B (20
o, mlel nlc B, mB, n'h;
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o =2mn(of - ), B =2mn(B; -B,). ()
; _1|m? n} (24)
o TR ey s
2l w
al = 2| = - — 25)
2 1 mow
2 2
a2 M (26)

In the relations (10-26) the parameters E, v, p, o and B denote the Young’s modulus,
Poisson’s ratio, shear modulus, thermal expansion coefficient and moisture expansion
coefficient respectively. The hygro-thermo-elastic constants E, v, p, & and B are allowed to
have different values in each ply of the laminate. Each ply is assumed to be orthotropic so
that fifteen independent hygro-thermo-elastic constants are required to characterise linear
behaviour. The upper case subscripts A and T, attached to axial and transverse hygro-
thermo-elastic constants appearing in (A7-A12), denote that they refer to in-plane stresses and
deformation while the corresponding lower case subscripts denote hygro-thermo-elastic
constants that involve out-of-plane stresses and deformations.

3. Generalised in-plane strain conditions

The fundamental assumption for generalised in-plane strain conditions is that the
displacement field is of the following form

u=uly), v=vxy, w=fxy)+ez, (27)
where g, is the transverse strain of the cracked laminate that has the same value in all layers.

This representation is valid only if ply cracks form in planes normal to the y-direction, and

only if well away from the edges of the laminate. From (6) and (27), it follows that the
transverse stress is given by

i 17. i i i i i
¢ = _g”_[e - 8,0, - 840, - gi,0i, - AT - BaAc] . (28)

The stress-strain relations (4), (5) and (7) may then be written in the following reduced form
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B S |
€y = v 810 * 810,y * 80y, * 4AT + B Ac + Hje?, (29)
v, _ o . i )
e = a_' = 810 * 8,0, * 8,0, * GAT + B,Ac + Hje’, (30)
y
26 = aVi awi =Sl oy Sig AT + B Hig* (31)
€ =—a;+w-gl4clxx+g24°‘yy+ 440;':+a4A +B4AC+ sec’
where
Hll = -gL‘B ’ Hzl = Elzi ’ H3| = i ’
833 & 8as
sio_ oo @S o L BBs o |, BiBa
81 T 8n "~ —8153_ 82, T 8~ ;;3” 84 T 8Bu "~ 13i ’
gl = gl - (gé)z Si - gzl - 8284 gx _ gi _ (3;4)2 2N
22 2 T T/ 2 4 — 4 4y - T
833 8 &
i i gi i i i g’ i ~ = i g3l4 i
o = o0-2o, & =o-Zd, & =od-2o,
B3

B3
Bo- B -2, B - B-2p, B o- g -5
8 8

4. Solution for undamaged laminates

The external faces of the laminate are assumed to be stress-free so that for all points in the
laminate away from the laminate edges

0,0, o, =0, o =0, i=1.N+. (33)
It then follows from (8), (9) and (33) that
g =€e=0, (34)
xy xZ

and from (29-31) and (33),, on setting &, = €, that

g = g:zci * §1i41:i M ailAT * B;AC * Hll e, (35)



NPL Report CMMT (A) 50 Page 11 of 47
€ = 8,0, * B, * BAT + BAc + Hye", (36)

Y= g'zipi * §4i411 * aiAT + B;AC + H;E. ’ (37)

where €, €, and 7 are respectively the uniform axial strain, transverse strain and in-plane

engineering shear strain in an undamaged laminate, where & is the uniform out-of-plane

strain in the i" layer, and where ¢; and T, are respectively the uniform axial and in-plane
shear stresses in the i® layer of an undamaged laminate. From (28) the corresponding
transverse in-plane stress component in the i* layer is given by

o, =0 = —[e" - gho, - g7, - AT - BAc]. (38)
833

The relations (36) and (37) may be rearranged leadmg to the following expressions for the
axial and transverse stresses in the i* layer, for i = 1..N+1

1

¢ =0 =—— [gle-giy+ (HE - Hige
» gz'zg;-(?:';f[ e e b (39)

+ (8% - By %) AT + (8, B, - ,,B,) Ac|
1

O, =T = == |~ By& * 8,7 * (H;8,, - High)e
” 82284 ~ @;)[ St (40)

+ (83 - By %) AT + (8,8, - 8,8 Ac]

The effective applied axial, transverse and shear stresses are given respectively by

N+1
1

c=ﬁ2hlci=Ae+Be’+Dy+PAT+UAc, (41)
i=l
lN*l
o"=E.Ehloi‘=Be+Ce’+E7+QAT+VAc, (42)
i=l
lNd
'c=F2h.lti=Xe+Ye‘+F7+RAT+WAc, (43)
i=l

where
N+l <i
A-lyh___ 8«

R NSET o Ey (44
i=1 808y ~ @24)
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. 3 Hig HBu

(45)
828 — @)

c iy B Ba(H8 HiE) g(HE, HE,) (46)
: BnBu ~ &)

B4
D — E h'=..____ (47)
h*= gé 4'4 i (Ezli-:'z

h gags BBl
h gz:a E}fzg:a. - @4}1

. —

En8, - &)

8l B 04
g h=r

—_— (50)
R

v BB % 2.%) g (BL% g,®) | (51)
Q FE i =1 =1 _ (=i32 %
=1 &a B Bus @n}

Bae o O
R _yn % B

2 52)
BBy - G

U E _gllﬂ g&lliﬂj L:“dj
l 7 I-@u}

v E gzs(guB - g«Bz gé(gzlgz - gzleIA)

; B,
g;s 828 - &)
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w- 13y B - BaP (55)
h'd gzz gu (§24)

N+1 =51
x=-lzh,_,_,g“ % __ =D, (56)
hid 88y — @)

N+l izi _ pyigi
y-1ype8u~thta o 57)
Rt BnBu - @)

The relations (56) and (57) indicate that the stress/strain relations (41-43) exhibit the required
symmetry of elastic constants. The relations (41-43) relating the effective applied stresses o,
¢ and 7 to the uniform strains &, € and y enable the hygro-thermo-elastic constants of an
uncracked laminate to be determined. In Appendix B the inverse form of the relations (41-43)
is derived showing how familiar hygro-thermo-elastic constants for the laminate may be
related to the various parameters defined by (44-57).

5. Equilibrium equations

For a cracked laminate subject to generalised plane strain conditions it follows, from the fact
that the stress field is independent of z, that the equilibrium equations (1-3) reduce to the
following form

3o, 3o

— P _xy = 0 ’ (58)
ax ay
By, B o, (59)
ax ay
ﬁ + .E_).?.Jﬁ = 0. (60)
ax dy

6. Representation of stress and displacement fields

The fundamental assumption of the analysis for cracked laminates is that the shear stress
components o,, and g,, have the following piece-wise linear forms (in x), for i = 1..N+1
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. X =X X =X

Gy =P () R - - pi’_,(y)T , X, SXSX, (61)
R 'y 2N <x< 0

O =G0 —— - 40— X, SxSx, (02)

i 1

where p,(y), and gy(y), i = 1..N+1, are functions only of y that are to be determined, and
which have the property that they are identically zero for the case of undamaged laminates.
The derivatives of these funtions are denoted by primes. The form of the relations (61) and
(62) ensures that the stress components 0,, and ©,, are automatically continuous across the

interfaces. From (61) and (62) it is clear that pi' (y) and qi’ (y) define the distributions of the

stress components 0';, and o";, on the interface at x = x;. It follows from (58) and (61) that,
fori= 1..N+1

X =X
i

O = 2h [(x - x)P(y) - (x - x + 2h)p/ (y)] *S50 ., x,Sx<x, (639

where the function S(y) arises from the integration with respect to x, and will be defined
later.

It follows from (59-62) that the stress components o,, and o, are of the following form
independent of the variable x, for x,; < x < x, and i = 1...N+1

G = Pi(Y) - P(Y) +q, (64)
yy h, !

o =3O -ak (65)
yz h i

where o, and 7, are the uniform axial and shear stresses that would result if the laminate
were undamaged and subject to the same loading conditions. The representation for the
stress field defined by (61-65) satisfies the equilibrium equations (58-60) for any functions
pi(y) and qi(y), i = 1...N+1, characterising stress transfer in the cracked laminate.

It follows from (29) and (63-65) that, for x,; < x £ x and i = 1..N+1,

X

% T B

1

[ = x)p/\3) - & - x, + 3h)p/ ()]

(00)

pi-l(y) - Pi(Y) . Si qi-l(Y) - ql(Y) .
R Bu—,

1 H

* (- x)18,50) + gliz &1+ U,

where uy(x, y) = U(y), where Uyy), arising from the integration with respect to x, is the
through-thickness displacement (to be defined later) at the interface x = x;, and where & is
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the through-thickness strain in the i® layer of an undamaged laminate (subject to
longitudinal, transverse and shear applied stresses 6, 6" and T respectively) defined by

g =gL0 +gLT + WAT + B Ac + Hiel, i=1.N+1, (67)
which is identical to (35) when € is replaced by €. It follows from (8), (61), (62) and (66) that
the expression for v;, for x,; < x < x; and i = 1...N+1, is given by

. . (X - xi)z
v, = —— - x + 2[aip/) + apq/()] -

1 1

X =X

1

(2} L) + ) al,) ]

(x - x)_,

) Thi_gl‘l[(x - x)pY () - (x - x, +4h)p” (Y)] (68)

1 - - Pl/. (Y) - P.I(Y) - ,_ (Y) - I(Y)
- E(x - xl)z 8 S/ (y) + g1lz'-l—‘ﬁ"— * gug"'l“'—h—i—"

1 1

- x-x)U/y) + V),

where vy(x;, y) = Vi(y), where V(y) (to be defined later), arising from the integration with
respect to X, is the longitudinal displacement distribution at x = x;, i = 1..N+1.

Similarly from (9), (61), (62) and (66), the expression for w;, for x,; < x < x, and i = 1..N+1,
is given by
X =X

i " =% (x = + 2h‘l)[ali2pil(y) * a;zqi’(y)]

i

(69)

x-xPr ., o ‘
By [allzpi-x(y) * az'zqi-l(Y)] +W(y) + €z

where wi(x, y) = W(y) + €.z is consistent with the form of (27),, and where Wi(y) is to be
defined later.

7. Boundary and interface conditions

Fig.1 shows the region under consideration in the x-y plane for stress transfer between the
N+1 layers. Only solutions symmetric about x = 0 and y = 0 are considered in the region
0<x<h,0<y<L. Symmetry about x = 0 for all y asserts that

o.1

w =0, ¢, =0, u =0, on x=0. (70)

xz 1

For the assumed perfect bonding on the N interfaces, it is essential that for all y
0y =0, O, =04, o, =0o onx=x, i=1.N, 71)

and
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ui=u V. =V

i1 7 i w7 W, TW on x=x, i=1.N. (72)

is1 /

The external surface of the outer layer is stress-free, so that for all y
0 =0, g =0, df" =0 onx=x, =h. (73)

Any undamaged layer surfaces on y = +L are subject to the boundary conditions
vi(x, £L) = e L, w(x, L, z) = YL + ez, foralx z, 1)
4
+L) =0, for all x ,

where g, is the effective axial strain of the cracked laminate, where g is the uniform

transverse strain, and where ¥, is the effective in-plane shear strain applied to the laminate.
Any cracked surfaces on y = +L will be stress free so that

O L) =0, ol (x £L) =0, o, (x, L) =0, forall x. (75)

8. Recurrence relations

The functions S, U, V, and W, appearing respectively in the expressions (63), (66), (68) and
(69) are the values of o', u, v, and w; (with z = 0) respectively at the interfaces x = x,, for
i =1..N and at the external surface x = xy,;. These definitions can be extended without loss
of generality so that S,, U,, V, and W, are the values of these variables at x = Xo = 0.

It follows on substituting x = x;, in (63) that
h
5400 = 5 [PL®) + P/ 6)] +S(), fori = N+l.1, where S,(y) =0, (6)

since from (73), 6, = 0 on x = h. On substituting x = x,, in (66) the following recurrence
relation is derived for the functions Uy(y)

2

h'_
U = —8u [P + 29/ ()]

@7)

 Pay) - P | o, 6. - ay) +& |+ U,

* }Ll glilsi(y) * glz‘—h'_ gu—_h"—

fori = 1..N+1, where Ufy) =0,

since from (70); u = 0 on x = 0. On substituting x = x,, in (68) the following recurrence
relation can be derived for the functions AV (y) = Vi(y) - Vna(y)
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AV, (y) = - h, [ 2, P, (y) + 2,9/ () ] -h [alil PL(Y) * 2, 940) ]

hS
- 5z [P 0) + 30" ()]

(78)

o _ Pl -P/®  _. 4,0 -d W

- i 8uS () + ng_h'—_— * gu—h_

1 1

+hU/(y) + AV(y), fori=N+l.2, where AV (y)=0

On substituting x = x; in (69) the following recurrence relation for the functions
AW(y) = Wi(y) - Wy, (y) can be derived

AW, ,(y) = - h.[alizpil(y) * aziz qi/(y)] - hi[alizpil-l(y) + aziz qil_I(Y)] + AW(y) ,
fori = N+1.2, where AW (y)=0.

(79)

Because symmetry is assumed about x = 0, and since p,(y) and q,(y) must have zero values
for uncracked laminates, the relations (61) and (62), and the boundary conditions (70), and
(70), assert that the functions p, and q, must be such that

(80)
P(Y) =0, qfy)=0.

Similarly the relations (61) and (62), and the boundary conditions (73), and (73), assert that

(81)
pNol(y) =0 ’ qN#l(y) =0.

The expressions derived for the stress and displacement components satisfy exactly the
equilibrium equations (58-60) together with the stress-strain relations (4), (6), (8) and (9) for
any functions p(y) and gy(y), i = 1...N. In addition, provided that the functions S(y), Ui(y),
Vi(y) and W (y) are generated respectively by the recurrence relations (76-79), the stress and
displacement fields automatically satisfy the interface conditions (71) and (72) and some of
the other boundary conditions. The remaining stress-strain relations (5) and (7) (and (30) and
(31) ) can only be satisfied in an average sense that will be described in the next section.

9. Governing differential equations

When deriving the displacement distributions given by (66), (68) and (69), use has been made
of the stress-strain relations (8), (9) and (29) in such a way that these relations are
automatically satisfied by the displacement field. It is necessary, therefore, to consider the
remaining stress-strain relations given by (30) and (31) for the in-plane strains &,y and g,. As
it is not possible to satisfy these relations exactly using the stress and displacement
representation, an attempt is made to satisfy them approximately by averaging these stress-
strain relations through the thickness of each layer. By making use of ply refinement
techniques the thickness of each layer can be made small enough for there to be minimal
error when replacing (30) and (31) by their through-thickness averages. The average of any
quantity f(x, y, z) through the thickness of the i layer is denoted by an overbar and defined
by
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(82)

i i-1 °

X1
f(y,2) = %ffi(x, y,z)dx, h =x -x

The through-thickness averages of the stress-strain relations (30) and (31) are written for
i=1.N+1

N _ i e - :
%= 5y T ELOw T ELT, tELT, AT+ BAc+ a1, (@)
dy &3
N,OWw, _ _ _ o _ = i
ZEYZ = .a_‘ - a_‘ =g.L0 + g2’4o‘yy + 8u0,, + GAT + B, Ac + ésc‘ . (84)
Z y :

83

From (63-65) it is clear that on averaging

~ h

5, =< [plo) + 20/ 0D] +50) &)
~ _ 4 _ PO -py = _ 5 _ %O -aq
O = Oy = ——F—— * O, 0, =0, = ———— +7. (86)

i i

Now from (68) the average of the displacement component v, is given by

2h . , h, .
W0 = - [aipl) + 3,90 - Faiple) ahal)]

3
m

h
i =i nm
T35 86 P4 @) + 49" ()]

(87)
2 ! / / /
' - - P P/ _, 4. -9 ®
3 815/ () + B, — h, * Bu— h,
h
5 Ui) + AVy) + Vi) -
From (69) the average of the displacement component w; is given by

by Zhi i ! i / h'l i / | S
wiy, 2z) = - —3-[a12pi ) + ay,q (Y)] = -3"[aupi-1(y) +a, qi-l(y)] (88)

+ AW(y) + W . (y) + €z .

The required governing differential equations are obtained by substituting (87) and (88) into
(83) and (84) using (85) and (86) having determined the functions S(y), U(y), AVi(y) and
AW/(y) using (76-79), and then eliminating the functions Vy,,(y) and Wy, (y) by subtraction.
It can be shown that the resulting differential equations are of the following form



NPL Report CMMT (A) 50 Page 19 of 47

N N ’ N
4
X Epf0) + X GpP0) + X H,p)

i=1 i=l

(89)
N N
+ Y_l, 8,42y + 21) h,q) = 0, j=1.N,
N N
Y AP + X Bp(y)
%0)

N N
+2 244%y + X bay) = 0, j=1.N

i=1

where the coefficients in (89) and (90) are best determined numerically using the technique
described in [12] for the case of cross-ply laminates. In (89) and (90) p™(y) and q"(y),n 21,
denote the n™ derivatives of the functions p(y) and q(y) respectively. The method of solving
numerically the system of differential equations (89) and (90) is described in [18]. Once the
solution of these differential equations is known satisfying appropriate boundary conditions,
the functions Vy,,(y) and Wy,(y) are calculated using (83), (84), (87) and (88). The functions
Vi(y), Wi(y), i = 1..N can then be found having used the recurrence relations (78) and (79) to
determine values of AV;, AW,, i = 1...N. It should be noted that when the model is applied
to a cross-ply laminate the coefficients g;, h;, A; and B; are all zero with the result that the
simultaneous set of differential equations given by (89) and (90) separates into two
independent systems of equations. The numerical solution technique [18] used to solve the
system (89) and (90) cannot be used to solve the equations that result for the case of cross-ply
laminates. Cross-ply laminates are solved using an alternative technique similar to that used
for axi-symmetric stress transfer problems [17].

10. Average in-plane displacements

The expressions (87) and (88) for the through-thickness averages of the in-plane
displacements v, and w; can be simplified as follows. On substituting (87) in (83) the resulting

equation can be solved to provide an expression for the quantity V; (y). On integrating (83)
with respect to y the following simplified expression is obtained

_ . h_ gl
T = 28L[pL) + 20(0)] + 22 [p10) - P
- i 91)
g2l4 . » -i .
+ (450 - 0]+ BLS) + ey

i

where use has been made of (36) on setting €* = €, and where



Page 20 of 47 NPL Report CMMT (A) 50

y y
Py) = [p@ds, g = [y6e)ds,
0 0

y 92)
S:(5) = [S(e)ds ,

€=g,0 + 8T * o, AT + E;Ac + H,e .

On substituting (88) in (84) the resulting equation can be solved to provide an expression for

the quantity W,'(y). On integrating (84) with respect to y the following simplified expression
can be derived

W (y, z) = %Ef.,[pi’.l(y) + 2p/(y)] + %‘1[ PL) - P |

1

+ %[qitl(Y) - q"(y)] + §1i4 Si‘(y) +yy + E:Z , (93)

where Y =8,0, +8,T * 0GAT + BiAc + Hjel,

where use has been made of (37) on setting €* = €.

11. Effective stresses for cracked laminates

Consider a cracked laminate having width 2W. On multiplying (64) and (65) by h; and
summing over i it follows that the effective axial and shear stresses on y = +L are given by

1 N«g % W N+

: 1
= o dx = _— ho ,
c %Wiz.;,!_f , dz h?::‘ .G,
(94)
1 N+ N W . INA
= = _Yhrt,
W ) _fo‘yzdzdx hzlj g

where use has been made of the fact that py(y) =0, py.:(y) =0, and of the relations (41) and
(43). It is clear from (64) and (65) that the effective axial and shear stresses for a cracked
laminate are identical to the effective axial and shear stresses for the corresponding
uncracked laminate. The effective transverse stress applied to the cracked laminate is defined
by
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o, = =— X [ [d, dyax. (95)

:\; il f (%)

where G, is obtained from the through-thickness average of (28). Since 6,, = 0 on y = L,
it follows from (61), (80) and (81) that pi' (#L) = 0,i=0..N+1. Now from (76) and (85) it can
then be shown that

L
1 (-
‘z"f_J‘:G'n(Y)dY = 0. ©7

From (64), (65) and (92) it can be shown that

2t [may - Fl-[ puL) - prW)] + o, 98)
71,;] & (dy = TlT-E[q;_l(m - qW] . %9)

On substituting (97-99) into the average of (28) followed by substitution in (96) it can be
shown that

€ - AT - BiAc - g}, [hLL(p;I(L) - pit(L)) +0

B gg‘[T-:T(qa:l(L) - qi‘(L)) + Ti}:|

/ (100)

Thus the relation (100) indicates how the effective transverse stress applied to the cracked

laminate may be calculated in terms of the uniform transverse strain €_. It should be noted
that the effective shear stress on z = +W is T, consistent with (94).

12. The role of applied strains for cracked laminates

The role of the applied strains for a cracked laminate is best illustrated by considering the

following quantity that arises when estimating the potential energy of the applied tractions,
namely
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f no,uds, (101)

where o, and y, are the stress and displacement fields for that region of the cracked laminate
that is enclosed by the surface S having a unit outward normal n, As the faces of the
laminate are assumed to be stress free the region S can be taken as the surfaces defining the
edges of the laminate. Considering the edge on y = L for -h < x < h, the potential energy of
the applied tractions is given by

N+ % W N+ S W ( 0 )
2} f f o (xLz)vxLz) dzdx + 2¥ f f o (xLz) w,xLz) dzdx .
i=1 X, W i=1 X, W

From (64) and (65) the stress components (‘J),yi and o,;’ are independent of x and z, and from
(68) v, is independent of z, so that (102) may be written on using (82) as

N+1 N+

w w
2Y h f o (L)v(@L)ydz + 2Y h f o (L) w,(Lz) dz . (103)

i1 i=1

Now for those layers that are uncracked on y = L it follows from (74) that
V(L) =¢eL, w(l,2) =1L +¢&z. (104)

Thus on substituting in (103) the potential energy of the tractions applied on y = L may be
written
N+ N+1

2Le. ¥ b [ ¢ (ydz + 2Ly, ¥ b [ ol @) dz. (105)

i=1 i=1

On using (94) this reduces to the simple result
4hLW[msc + T'Yc] . (106)

Considering the edge on z = W for -h < x < h, the potential energy of the applied tractions
is given by

Ne %L Ne ML (107)
2y f f 0, (xy, W) v(xy,W) dydx + 2y f f ol (xy,W) w,(x,y,W) dy dx
-] SR

Now if f(y) = f(-y) so that f is any even function of y, and g(y) = -g(-y) so that g is any odd
function of y, then

L
f f(y)g(y)dy = 0. (108)

-L
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Since 0,' is an even function of y and v; is an odd function of y, it follows immediately that
the first term on the RH.S. of (107) is zero. Because w, - €. is an odd function of y, and

because @, c';.,, O‘iyz and hence from (28) 0, are even functions of y, it follows using (95)
and (108) that the second term on the R.H.S. of (107) has the value

4hLWo,e; . (109)

Thus on adding (106) and (109) and combining with an equal contribution from the surfaces
y = -L and z = -W, the potential energy of the applied tractions per unit volume may be
written in the compact form

1 .
v [mouds - o voe e, (110

where V = 8hLW is the volume of the region of laminate being considered. The analysis
presented above is valid for general symmetric multiple ply laminates subject to ply cracking
in one orientation such that the fibres of cracked plies lie in the z-direction. The analysis
clearly illustrates the important role of the effective applied strains for a cracked laminate that
appear in the boundary conditions (74).

13. Boundary conditions for the differential equations

The objective now is to specify boundary conditions that will lead to a unique solution of the
system of differential equations specified by (89) and (90). Such a solution can then be used
to calculate the stress and displacement fields everywhere in the laminate using the relations
(61-69). Attention is restricted to the case where there is symmetry about the plane y = 0 so
that only 3N boundary conditions are required. For this case the functions p,(y) and g;(y) are
symmetric about y = 0 and it is necessary to impose the boundary conditions only at y = L.

The loading is assumed to be such that the uniform in-plane strains in an undamaged
laminate are €, € and 7. The parameters AT and Ac describing the hygro—thermal conditions
are assumed to be specified. The corresponding effective stresses g, ¢" and 7 are calculated
directly using (38-43). When a cracked laminate is subject to the same applied stresses the

effective in-plane strains are ¢, €, and y.. The values of these parameters are unknown and
must be found as part of the solution of the stress transfer problem.

From (74) and (75), the shear stress O,y is zero everywhere on the plane y = L. Thus from
(61), (80) and (81)

p/(L) = 0, i=1.N. (111)

On y = L it follows from (75) that for cracked layers the normal stress O,y and shear stress
Oy, are zero so that from (64) and (65) the following boundary condmons are obtained

p(L) - p(L) = ho,, (112)

q(L) - q_(L) = hrt, (113)

11

where ¢, and 7; are given by (39) and (40) and where i (taking values appropriate for cracked
layers) lies in the range 1 <i < N+1.
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Consider the boundary conditions that must be applied to uncracked layers in the laminate.
Use is made of the boundary conditions (74) relating to displacement components for
uncracked layers. As these conditions cannot be satisfied exactly by the relations (68) and (69)
because of the x dependence, the following less restrictive equivalent average conditions for
uncracked layers are imposed on y = L, namely

v(L)=Le,, W(L z)=Ly +€z, (114)

where v, and W, are defined by (91) and (93), and where i (taking values appropriate for
uncracked layers) lies in range 1 < i < N+1. When use is made of (76), (111), (91) and (93)
together with the symmetry of the functions p(y) and g;(y) about y = 0, the conditions (114)
for uncracked layers may be expressed

S T lez_,[p' (L) - P, (L)} i[q;l(L) - q;(L)] +e, (115)
! =§_;4[p'(L) - p(L)] *E‘-[CL' (L) - qX(L)] + ¥ (116)
¢ RLLFin i hL e . ,

i

where i (taking values appropriate for uncracked layers) lies in the range 1 <i < N+1. The
parameters €, and v, are not yet known and therefore must be eliminated from these
boundary conditions. It is convenient to let j be the label of the nearest uncracked layer to
the centre plane of the laminate. It then follows by subtraction that the required boundary
conditions for uncracked layers derived from (115) and (116) are of the form

Eﬁ[pl (L) - py(L)] - E—ij[p, (L) - p(L) ]
J 117
+ i‘i[q;l(L)— NI ]J [qn(L) - g ()] =0,
g“ rrlpe -p )] - ¢ B FLIPAL - AL
(118)

[q,l(L) - (L)) - £ [q,-,(L) -q(L)] =0,

where i and j (taking values appropriate for uncracked layers such that i #j) lie in the range
1<1i,j<N+1

The conditions (111-113), (117) and (118) provide the 3N boundary conditions required to
ensure that the system of differential equations given by (89) and (90) has a unique solution
that is symmetric about y = 0.
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14. Calculation of elastic constants

The method of estimating the elastic constants assumes initially that the parameters o, 1, €.,
AT and Ac are specified. The axial strain €, the shear strain y and the effective transverse
stress ¢ for an uncracked laminate, the corresponding stresses o, 7, and the through-
thickness strains & are first calculated using (39), (40) and (35) respectively. The axial strain

&, the transverse stress 6, and the shear strain v, for the corresponding cracked laminate are
calculated using (100) and (104), where use is made of the expressions (91) and (93) applied
for the special case i = j. Because linear elasticity is assumed it follows that the parameters

&, O, and v, are linearly related to the parameters o, 1, €, AT and Ac, i.e.

(4]
[}

Ac +B1 + C@: + DIAT + E Ac

<
i

Azc +Byt + Cgl + D,AT + E,Ac
o = Asc + B31: + Csec‘ + D,AT + E,Ac

The coefficients in (119-121) are determined numerically by calculating the parameters ¢, ¥,

and o, for each of the following sets of values for the parameters o, 1, €, AT and Ac
respectively

{10000}
{01000}
{00100}
{00010}
{00001}

On solving (121) for €, and substituting in (119) and (120) it follows that

C, C, C,
€ = A1‘€-A3 o+?ct+ BI-FB3 T
3

3 3
+D—C1D AT+E—C‘E Ac
1?33 1?33 ’

B D E
. ﬁct_l_o—_st—_sAT—_sAc,
C3 3 3 3
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(124)

It is expected that the matrix formed by the coefficients of the stress terms on the R.H.S.s of
(122-124) will be symmetric. Solutions confirm that such symmetry is valid since numerically
it can be shown that A, = B,, A; = - C,, B, = - C,. The relations (122-124) are now written in
the form

VC (4
€ = = - —0, - 2T + 05AT + fSAC, (125)
EA A EA
\% c :
e:=—_Ao+._'—ﬁr+orfrAT+ﬁ;Ac, (126)
ES Ef E
lc c
'yc=-..icc-..l:rc.ct+_1?+a§AT+6§Ac, (127)
EA EA A

where, for specified values of 6, 6, 7, AT and Ac, the quantities €, €, and ¥, are respectively
the effective axial, transverse and shear strains of the damaged laminate, and where E,, Er,
Va, O, O, O, B, Brand Bs denote the corresponding effective hygro-thermo-elastic constants
of the cracked laminate; the superscript ¢ denoting that the hygro-thermo-elastic constants
are for a cracked laminate. The parameters A, and A, are ratios indicating the degree of shear
coupling. The parameters o and B are expansion coefficients governing the amount of shear
strain that can arise when the temperature or moisture content is changed.

15. Derivation of inter-relationships

It is now assumed that the cracked laminate is constrained so that y, = 0. It then follows from
(127) that

© = _A(Aso + Ao, - ESoSAT - ESBSAc) . (128)

A

Substitution in (125) and (126) then leads to the following reduced stress-strain equations that
are of the same form as those valid for in-plane biaxial loading modes

vc
- 2o, + GAT + B Ac, (129)
Ec

A

1)
£='-'-'c'
EA
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c
€ = - =0+ + 05AT + flAc, (130)
E, E
where
__17 - _1_ 1 _(;)zf% (131)
B E; E;
Tl e et (132)
B E E
RS N PRl (133)
E; Ef \Zy)
& = o+ A (134)
A oy A-EF“;'
A
oo e pe A (135)
O = oA
A

Now for the special case when the laminate is undamaged, the stress-strain relations (129)
and (130) may be written

v
e = Ei - .ﬁ’lct + 6, AT + B,Ac, (136)
A A
vA 0!
e:=—_E_o+_+arAT+BTAc, (137)

A

where

A

T _ 1, M 138
T E_A[l (AA)E_J (138)
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Yool 10, ., a 139
EA. E.A.[vA XAA.TE_A] (139)
1 1 Enp,
— = |1-A) (140)
E; ET[ - (EA)Z]

6, = a, +A, —~a, (141)

Ha
G, = o + )“T—E_G'S . (142)

Since v = 0, the values G, G, and T, of the applied stresses for which the stress components

o,, and o, are zero in the 90° ply of an uncracked laminate are easily found from the
relations (39) and (40) by first setting G, = T,, = 0, where m is the label for any one of the 90°
plies. The resulting simultaneous equations are then solved for the corresponding strains

€=¢ and €' = g,. On using these values together with y = 0, the layer stresses o, G, and
T, =1, 2 are then calculated and used to calculate the corresponding applied stresses 6, G,
and 7. It follows from (136) and (137) that the strains ¢, and €, and the corresponding

stresses ©,, O, and T, satisfy the following relations

c v

€, = — - —0. + AT +B,Ac, (143)
EA EA
v G’

g =~ 20, + >+ @AT + f_Ac. (144)
EA ET

Because y = 0, these applied stresses also lead to the situation where the cracks in the 90° ply
of a damaged laminate are just closed, i.e. the crack surfaces are just touching without any
displacement discontinuities across the cracks, and they do not transmit any stress. Thus,

from (129) and (130) the strains €, and €, and the corresponding stresses 6,, G, and T, also
satisfy the following relations
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c v
€, = — - =0 + GAT + f{Ac,
A

v o’
€ = - 20, + — + 0CAT + B Ac
E,  E

On subtracting (145) from (143) and (146) from (144), in order to eliminate ¢, and &, it
follows that the following relations must be satisfied for any state of cracking in the 90° plies

i‘:—_i o + (65 - o, )AT « (B, - B,)Ac =0,
A

F co+[_E1_Tc.-EiTJo;+(a;-aT)AT+(B;-3T)Ac=0.

The relations can be satisfied for any state of cracking in the 90° plies only if the following
five inter-relationships (four of which are independent) are satisfied

% _ Y 1 _1
E, B = k, E___T=k,
1 _1 v %
E = =
! E, E (149)
11
B B K2, Gf"a‘ -k, BE_BT -k
1T @ - a, B - B,
E; E,

where k is a constant (derived in [19] for the case when moisture expansion terms are
negligible) that depends only on the geometry and properties of the plies in the laminate.

16. Preliminary results and discussion

In order to test the methodology described in this report, a quasi-isotropic carbon fibre
(HTA 5131) reinforced epoxy (Ciba Fiberdux F922) laminate of the form [45/45/0/90],
having a single central 90° ply is considered. All plies in the laminate have thickness
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0.125 mm, and have the following properties that were used when describing a generalised
framework to predict progressive ply crack formation [20] :

E, = 136.6 GPa E; = 9.79 GPa v, = 0.286
vp = 0.455 M = 6.474 GPa
o, = -0.458x10/°C o = 38.2x10%/°C .

Moisture expansion coefficients are neglected as their effect is analogous to that of the
thermal expansion coefficients. Predictions have been made of the hygro-thermo-elastic
constants appearing in (125-127) for a range of crack separations defining crack densities in
the range 0 to 4 cracks/mm. Because the stress transfer model has been designed for any
number of plies it is possible to improve the accuracy of predictions using ply refinement
techniques by representing each ply in the laminate by a set of n elemental layers having the
same thickness and properties. In such a way the effects of through-thickness variations in
the axial stress distribution can be assessed. Figs. 2-5 show the results of such calculations
for those parameters that exhibit a significant variation with respect to both the crack density
and the parameter n defining ply refinement. It is seen that by choosing n = 1 lower bound
predictions for the thermo-elastic constants are obtained. As n increases the predicted values
increase and appear to converge sufficiently for practical purposes when n = 5. It should be
noted that the axial thermal expansion coefficient shown in Fig.5 is the most sensitive to the
presence of cracks in the 90° ply. The transverse Young’s modulus and transverse thermal
expansion coefficient hardly vary with crack density as expected, and have not been shown.
The shear coupling constants A,, A and a5 are negligible for the quasi-isotropic laminate
being discussed. These parameters have significant values in the case of [8/90], laminates as
will now be shown for the case 6 = 30°.

A glass fibre reinforced epoxy laminate of the form [30/90}, is now considered where 30-plies
and the 90-plies have the same thickness 0.25 mm, and have the following properties typical
of a unidirectional Silenka E-glass 1200tex fibre reinforced MY750/HY917/DY063 epoxy
composite [21]:

E, = 45.6 GPa E; = 16.2 GPa v, = 0.278
vy =04 Ba = 5.83 GPa
o, = 8.6x10%/°C ar = 26.4x10¢/°C .

Predictions have again been made of the hygro-thermo-elastic constants of cracked laminates
appearing in (125-127) for a range of crack separations defining crack densities in the range
0 to 4 cracks/mm. Figs.6-12 show the results of such calculations for those parameters that
exhibit a significant variation with respect to both the crack density and the parameter n
defining ply refinement. It is seen that by choosing n = 1, and considering absolute values,
lower bound predictions for the thermo-elastic constants are obtained with the exception of
results shown in Fig.12. As n increases the predicted values appear to converge sufficiently
for practical purposes when n = 5. For the GRP [30/90], laminate the selection of n = 1 leads
to predictions that deviate significantly from those for n = 5, indicating that ply refinement
is essential if accurate estimates are required. The transverse Young’s modulus and transverse

thermal expansion coefficient hardly vary with crack density as expected, and again have not
been shown.

The predicted values of the hygro-thermo-elastic constants appearing in (125-127) have been
used to check whether the inter-relationships (149) derived in section 15 are satisfied. The
value of the constant k = -0.00626 for the carbon fibre epoxy laminate and k = -0.01827 for
the glass fibre epoxy laminate. Such checks have been built into the software system that
predicts the values of the hygro-thermo-elastic constants. In all cases considered the inter-
relationships have been shown to be satisfied within numerical error. The quality of solutions
has also been checked by examining the satisfaction of the differential equations (88) and (89),
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and boundary conditions imposed, including the satisfaction of the interface conditions for
both tractions and displacements especially in regions close to the ply crack tips.

It is emphasised that highly accurate predictions of the hygro-thermo-elastic constants of
cracked laminates, and of the stress and displacement distributions at all points within the
laminate, can be made using the methods described in this report. The predictions are
expected to be superior to those that would result from conventional finite element analysis
as the boundary and interface conditions can be satisfied more accurately. In contrast to finite
element analysis, where it is not possible to guarantee the continuity of both tractions and
displacements at element boundaries, the methodology described here can guarantee such
continuity. Indeed one can think of ply refinement as a finite super-element technique where
the elements are in the form of layers such that there is continuity of both tractions and
displacements between the layers.

17. Conclusions

1) By assuming that the shear stresses 6, and ,, are piece-wise linear functions of the
through-thickness coordinate, it is possible to derive an analytical representation for
the stress and displacement fields for any general symmetric laminate containing
uniform distributions of cracks in the 90° plies that satisfy exactly the equilibrium
equations, the compatibility equations, four stress-strain relations, and the interface
continuity conditions. By satisfying the remaining two stress-strain relations on
averaging them through the thickness of each ply or elemental layer, the stress
transfer problem is reduced to solving a system of ordinary differential equations that
can be solved by standard techniques.

2) The stress and displacement solutions can be used to derive the values of all hygro-
thermo-elastic constants of a uniformly cracked laminate. Furthermore, it has been
confirmed from predictions that the values of these constants satisfy various inter-
relationships defined by (149) that have been derived by considering ply crack
closure.

3) Ply refinement techniques can be used to obtain more accurate predictions of the
hygro-thermo-elastic constants of cracked laminates. The sub-division of plies into five
elemental layers of equal thickness leads to sufficiently accurate predictions for quasi-
isotropic [-45/45/0/90], carbon fibre and [30/90], glass fibre epoxy laminates, and for
other types of laminate that have not been discussed. Inaccurate predictions have
been shown to result (especially for the GRP laminate) if the stress transfer model is
applied without ply refinement, implying the importance of the through-thickness
variations of the stress and displacement distribution.

4) The methodology presented, when used in conjunction with ply refinement
techniques, can be regarded as a finite super element technique where accurate
solutions can be obtained for which continuity of both tractions and displacement
fields at all elemental layer interfaces can be guaranteed.
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APPENDIX A

Expressions are first derived for the stress components referred to local coordinates in terms
of the stress components for global coordinates as follows for the i layer

o =d ,

XX

v 2 24 .
cs'yy—mlcr'yy+nl<5'zz Zmn.o‘yz,

o = nfc‘yy +mlc + 211'tinlo"yz ,
°ny = m_lcr‘;(y -no,_,

o, =noc, +ma,,

i § i : 2 _ 2y
0-;'2 _minic‘yy minio-lu +(ﬁl.‘ ni)o.‘yz’

where m; = cos; and n; = sing;, where ¢, is the angle (measured clockwise) between the
global y-axis and the fibre direction of the i* layer.

The strain components referred to local coordinates can be expressed in terms of global stress

components by making use of the following stress-strain relations for the i layer expressed
in terms of stress and strain components referred to local coordinates

e = —o - 2o -_'c +aAT +BAc,
E! xx EA yy Ei z

T

¢ o Vg gV o' + b AT + Bt A
=—-—i—’°‘+_i —_iu+ A +;C,
7 EA EAyy EA
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o T Fr %t Ok * AT Brac,
A T
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(A10)

(Al11)

(A12)

Finally the global strain components may be expressed in terms of global stress components

by substituting (A7-A12) in the following relations

i i
i.:xx elxx’

¥z 1 1 2z

i 2 i 2 i i’
€ —mie‘yy+nleu+2mn.e‘

! ;7
€ =-mneg_ +mnée_ + (m
11 Yy 1

(A13)

(A14)

(A15)

(A16)

(A17)

(A18)

The resulting stress-strain equations relating global strain components to global stress
components are given by (4-9) where the hygro-thermo-elastic constants are specified by the

relations (10-26).
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APPENDIX B

The inverse form of the relations (41-43) is given by
e =A'c +B’c* + D/t + P/AT + U'Ac

e =B'c +C'c" + E't + QAT + V'Ac

Y =D’c + E'c” + F't + R’AT + W/Ac,

where methods of linear algebra can be used to relate the primed constants to the parameters
defined by (44-57).

In order to introduce the more familiar hygro-thermo-elastic constants of a laminate the
relations (B1-B3) are now written

™
i
I
|
Q
+
|
'
G
A
+
£
+
>
>
A

A T
Y=-=—0-—06"+__ +0,AT +f.Ac
E, E ’

where E,, Ey, v,, p,, @, or, B, and B; are the Young’s moduli, Poisson’s ratio, shear
modulus, thermal and moisture expansion coefficients for the undamaged multiple-ply
laminate. The parameters A, and A; are ratios associated with the effect of shear stress on
axial and transverse strain respectively. The parameters o and B, are the thermal and

moisture coefficients associated respectively with the effects of temperature and moisture
changes on the shear strain.

c:\wp51\docs\papers\CMMTAS50



Page 36 of 47 NPL Report CMMT (A) 50

-

FIG.1: Schematic edge view of the right hand quadrant of a general symmetric laminate
indicating coordinate axes and the geometrical interpretation of the layer parameters
h, and x,, i = 1..N+1L.

0192645
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FIG.2: Dependence of the axial Young’s modulus E, of a [-45/45/0/90], carbon fibre epoxy
laminate on the density of cracks in the 90° ply.
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FIG.3: Dependence of the axial Poisson’s ratio v, of a [45/45/0/90], carbon fibre epoxy
laminate on the density of cracks in the 90° ply.
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FIG.4: Dependence of the axial shear modulus y, of a [45/45/0/90], carbon fibre epoxy
laminate on the density of cracks in the 90° ply.
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FIG.5: Dependence of the axial thermal expansion coefficient a, of a [-45/45/0/90], carbon
fibre epoxy laminate on the density of cracks in the 90° ply.
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FIG.6: Dependence of the axial Young’s modulus E, of a [30/90], glass fibre epoxy laminate
on the density of cracks in the 90° ply.
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FIG.7: Dependence of the axial Poisson’s ratio v, of a [30/90], glass fibre epoxy laminate on
the density of cracks in the 90° ply.
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FIG.8: Dependence of the axial shear modulus p, of a [30/90], glass fibre epoxy laminate on
the density of cracks in the 90° ply.
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FIG.9: Dependence of the axial shear ratio A, of a [30/90], glass fibre epoxy laminate on the
density of cracks in the 90° ply.
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FIG.10: Dependence of the transverse shear ratio A, of a [30/90], glass fibre epoxy laminate
on the density of cracks in the 90° ply.
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FIG.11: Dependence of the axial thermal expansion coefficient &, of a [30/90], glass fibre
epoxy laminate on the density of cracks in the 90° ply.
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FIG.122 Dependence of the shear thermal expansion coefficient o of a [30/90], glass fibre
epoxy laminate on the density of cracks in the 90° ply.



