
NPL Report DFS143

1995

Calculation of the magnetic field strength in
Helmholtz systems with square and

polygonal coils

P Vigoureux
Consultant

Division of Electrical Science
National Physical Laboratory

T eddington, Middlesex
United Kingdom, TWll OLW

ABSTRACT

Formulae are developed for the magnetic field strength of a Helmholtz system of two
identical coils of square shape. The field of regular polygons of other than four sides is
discussed, and it is shown that a simple change of co-ordinates leads to a general formula
readily applicable to polygons of any number of sides.

The comers of the polygons cause departures of the magnetic field from the axial symmetry
that circular coils display, but the irregularities are small, especially in the central region of
the system. Examples of their amount for a square, an octagon and a dodecagon are given
in tables. Departure from axial symmetry is negligible for the dodecagon.
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1 INTRODUCfION

It has sometimes been claimed that the pair of circular coils of a Helmholtz system designed
to secure a calculable, uniform magnetic field in the central region of the assembly could
advantageously be replaced by coils of square shape. The reason usually given is that the
latter are easier to make. Although not everybody would agree that such is the case, it is
instructive to compare the uniformity of field obtainable in the two systems. Naturally,
triangles, square, and other polygons do not enjoy the beautiful axial symmetry that results
from the circular shape, and calculation of the field at points near the centre is more
complicated than for circles, for which spherical harmonics provide practical and elegant
formulae. The study is nevertheless worth while, and is undertaken in what follows.

2 SQUARES AND OTHER REGULAR POLYGONS

In Figs 1 and 2, M is the mid-point of a side AB of a regular polygon of n sides, centred
at the point 01 on the Y axis. The angle A01 M is ?tIn, and if the height 01M be denoted
by h,

Area of polygon n.AM.O1M
n.h2 tan (1t/n)

=

(1)

To facilitate comparison, all polygons will be ascribed the same area, for which it is
convenient to choose that of a square of side a. (1) then becomes

a2 = nh2 tan(1t/n)

and
(2)h

a
1= ~

v'n tan (1t/n)

It will be desirable in some cases to replace a by pi 1t, where p is the radius of a circle of
area a2 (see (34) and Table 1, page 7)
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xFig. 1

Figs 1 and 2 for calculating field

Hx, Hy, Hz at point P (x, y, z),
due to current I in side AB of a

regular polygon of n sides
centred at 01 (0, .b, 0)

Fig. 2

Fig 3 for calculating field

Hy, H<I>' Hr at point P (y, <1>, r)

due to current I in identical

coils centred on the Y axis

at distances band -b from

the origin O.

Fig. 3
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3 MAGNETIC FIELD STRENGTH OF A STRAIGHT CONDUCTOR

In Figs 1 and 2, AB is the conductor forming one side of a regular polygon of n sides,S is
a point on it, and P is the point at which the magnetic field strength due to a current I in AB
is required. The co-ordinates of P are x, y, z; those of 5 are h tan 1\>, -b, h. In vector notation

PS = r = PO + OS = -OP + OS (3)

(4)r ~ i( -x + h tan 'If) + j( -y-b) + k( -z+h)

(5)r2 = (x-htan'l')2 + (y + b)2 + (Z-h)2

The magnetic field strength dH due to the current I in the element ds, fig 2, is given by the
vector formula

dH+rxds I
3 .-

r 47t
(6)

The quantities entering (6) are tabulated in (7) below.

(7)

From (6) and (7), and r as in (5),

(8)Hv = 0

1t/n

f
-Kin

IHy = 47t (9)

!tIn

f
-!tIn

h(b+y) s~'" d",
r3

IHz = "'4'7t (10)

3
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On integration these expressions yield

H~ = 0

]"/n .~ -"In

] !t/n -(y+b)(x-htan'!f) ...!.

(y +b)2 + (Z-h)2 r
-!tIn

Hz = ~I

When the limits in (11), (12), (13) are inserted, the expressions can be ~ut into the fon11

H = 0,
x

where

x+htan(1t/n) 2 {(x+htan(1t/n»2 + (y+b)2 + (z_if}-1/2

(y+b)2 + (z-h) l"

4 CHOICE OF CO-ORDINATES

Expressions (14) and (15) are simple enough when the field of only on~side AB, figs 1 and
2, is required. But they assume different values for other sides o~ the polygon, and
complicate evaluation by computer. With a square, for instance, the sid~ BC, at right angles
to AB, would lead to expressions similar to (14) and (15), but with x a~d z interchanged.

It is possible, however, to arrange for (14) and (15) to be identical for a1l1he sides of a regular
polygon, except for a single variable 4>, the inclination of 01M to OZ, y choosing new co-
ordinates r, 4>, such that

(16)z = r cosQ>

x = r sin<\>

The magnetic field strength at the point x, y, z is then given by two coniponents, Hy parallel
to the axis OY, and Hr perpendicular to it, and at an angle II> with oz. I

To effect the change it is sufficient to ignore Hx, to write Hr instead ~f Hz in (14), and to
replace z and x by r cos <I> and sin <I> wherever they occur in (14) and (~5).

The symbol r used in (16) and (17) above, also for OP in Fig 3, has no ~elation to the same
symbol given to PS in (3), page 3 and in Fig 1. !

4
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5 NORMALISA TION

In addition to the change of co-ordinates mentioned in the previous section, we "norrnalise"
by dividing all lengths by a, the side of the square of the same area as the polygon under
consideration. For the sake of distinction denote the resulting dimensionless quantities by
capital letters, for example B for bla, R for ria, etc. The expressions for Hy and Hr then give
place to (18) to (22), in which F, M, N are now dimensionless, although for simplicity these
same letters have been retained.

-IH = _(Y+B)F
r 4xa

M-NF =
(Y +B)2 + {Rcoscl> -(n tan (1t/n»-O.5}2

1 ( X-tan -
n nRsinC\)

I Rsincl> -M=

'"RCO'. 

-[ntan[ ~
+(Y +B)2 +

(~tan(~ ]'
N = tRsin<\> +

Rcos1i -(n tan (~+ (Y+Bf +

Apart from the current 1/ the only dimensional quantity in the right-hand terms of the above
expressions is the side a of the square of area equal to that of the polygon, confirming the
well-known result that the magnetic field strength of similar circuits varies inversely as their

linear dimensions.

If it is desired to express the magnetic field strength by its cartesian components Hy' Hz and
Hx, the first requires no change, whereas the last two are obtained by multiplying Hr by cos

II> and sin II> respectively.

5
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The field strengths Hy and Hr of (18) and (19) are those due to the side AB of the polygon
centred at 01, AB is parallel to XI M is its midpoint figures 1 and 21 and 01M is parallel to
Z. The variable cI> of (18) and (19) is chosen according to the dire<:tion in which H. is
required.

For the second side BC of the polygon nothing is changed in (18) and (19) except that <I> is
replaced by <I> + 21t/n; and for the I th side it is <I> + (I-I) 21t/n. To accQunt for all the sides,
I is given values from 1 to n, and the results added.

Likewise, to account for the identical coil centred at O2' B is replaced by -B, and the results
added.

6 OPTIMUM SEPARATION OF COILS

In order to calculate the field strength at any point 0 (y, 4>, r), which is the object of this note,
the optimum separation 2B of the coils at 01 and O2 must be determined. For the purpose
we put R equal to zero in (18) to (22), and thus obtain Hy and its derivatives on the axis; and
since Rand 4> do not appear in H of (18) to (22), it is suffident to multiply by n to obtain H
for the whole of one polygon. Hence

I ]-0.5 x ~tan("/n)+(y+B)' + nian~7'ii:)
2I .[(Y +B)' + ntan~1t7n>H- =-

Put

1U = (Y+B)2 + ntan(7t/n)

1W = U + -tan(1t/n)
n

Then

dU
d'Y

dW
dY"

= 2(Y +B)

= 0.5 U-1 W15)dHy = --.!!.- .2(Y +B)(U-2 W-O.5
-a-y- 41fa

u-2W-o.5 + O.5U-1W-1.5
d~
dy2

41y = -

As the object is to use (29) to determine the value of B at zero Y, tqe coil at O2 can be

6
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B2 (BW2 + 4UW + 3U2) -2UW2 -U2W = 0

u = W =B2 + ~
7t

5 B2 = U = B2 + ~
7t

B = b-=
a

1"2ln = 0.282 095

and, since the radius p of the circle of area a2 is a/.{ 1t,

b = P
2 (34)

a well-known result.

Table 1 Optimum Separation of Coils

Square coils should be approximately 3.5 per cent closer than circular ones. If the number
of sides is doubled, the difference shrinks to 0.21 per cent, whereas it is negligible for a
dodecagon. The values of B, still referred to p, plotted against the number of sides n of the
polygons, starting with the triangle (n=3) and ending with the circle (n=oo), fit roughly the
curve

(35)B = 1/2 -2.S217t/n4

To simplify the computer programmes, this formula has been adopted for them rather than

7
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the values given in Table 1. The effect on the results is negligible.

7 MAGNETIC FIELD STRENGTH ON THE AXIS

The optimum separation for various polygons having been determin and tabulated in
Table 1, it is instructive to compare their field strengths at points on th axis on each side of
the origin. Steps of a/20 have been used. Table 2 gives the figu es that have to be
multiplied by II a to yield the magnetic field strength H if I is the curre t in each of the two
identical coils, and if the area of each is that of a square of side a.

8
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The table shows that, as might have been expected, triangular coils differ most from circular
ones. At the origin the field strength of the triangle exceeds that of the circle by 7.7%,
whereas at a point still on the axis but distant a/4 from the origin, the difference has
decreased to about 6.1 %. For the dodecagon the relative difference has shrunk to about
0.026% at the origin, and, a/4 away, to less than 0.02%.

8 MAGNETIC FIELD STRENGTH OFF THE AXIS

Equations (18) and (22) can now serve to calculate the magnetic field strengths Hy and Hr at
any point P{y.., r) of a system of two identical polygonal coils placed at equal distances b on
each side of the origin, each of area a2 and carrying a current I.

In fig 3 the origin is at 0 in the plane of the paper, and the axis of Y is through 0,
perpendicular to the paper, with the positive direction upwards. The coils shown, in this
case octagons, are centred on the Y axis at distances b above and below the plane of the
paper.

If the co-ordinates y and r of P are kept constant whilst <1>, the inclination of OP to 02, is
varied, P moves on the circumference of a circle whose plane is perpendicular to the axis,
and whose centre is on the axis at a distance y from O. If the coils, instead of being
octagons, had been circles, Hy and Hr would have had the same values all round the circle,
whereas here the comers of the polygons cause departures from this uniformity. Therein lies
one of the advantages of coils of circular shape.

The departures are not however very large. Their magnitude and sign depend on the co-
ordinates y/ <1>/ r of the point P/ fig 3/ at which the components Hy' Hr of the magnetic field
strength are being calculated.

Table 3 gives two examples of this calculation for a square coil (N=4). In the first the point
P is at a distance from the origin of approximately a third the distance of the coil. At that
point the comer of the square is more effective than the central region of the side, so that
Hy(cp) increases gradually from cp=O to reach a maximum at cp=1t/4, for which the relative
difference between Hy (cp) and Hy (0) is 1.45 X 10", as can be seen from the penultimate
column of Table 3. In that table the results have been shown to cp=1t/2 only as a reminder
of the symmetry at the comer; and the same figures are repeated at each of the four comers
of the square. Thus, if steps of 1t/12 for cp are considered sufficient, only four numbers need
be calculated. With a polygon of N sides the steps would be 1t/3N, and for the whole
polygon at one point P just four calculations would suffice.

10
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For the second example in Table 3 the y co-ordinate of P has been doubled, which has
brought the point to approximately two thirds of b, the distance of the coil from the origin.
The figures show that the effect of the corners is now to decrease Hy as cI> is increased from
0 to x/4, but again the changes are small.

Table 4 shows examples for an octagon and a dodecagon. The latter is almost
indistinguishable from a circle, for Hy (I\» equals Hy (0) to the seventh figure as I\> is varied
from 0 to the comer (x/12). There is however a real difference, as the penultimate column
shows, but it is only -9.04 x 10-8 in relative value.

In Tables 3 and 4 the last column has been included to yield the ratio of the radial to the
axial flux densities at the point P(y, 1\>, f).

12
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CONCLUSION9

A Helmholtz system is frequently used to cancel the Earth's magnetic field in a small region
in which to study a property of some material in zero field, or in a known applied field. A
measurement of the gyromagnetic ratio of the proton, for instance, might entail the use of
a small sphere, say 3 or 4 cm in diameter, filled with water or some other liquid, subjected
to a known field, but unaffected by the terrestrial field or its variations.

If the Helmholtz system has square coils of side 1 m, about 0.5 m apart, the small variations
in axial symmetry due to the corners, studied in Section 8 of this report, would be negligible
to perhaps a few parts in lOS in that small region round in origin. On the other hand, if the
system is applied to the study of materials or instruments requiring a larger region, say about
a quarter of a metre from the origin, the departures from axial symmetry caused by the
corners may be unacceptably large. A computer programme like that used for the examples
given in Tables 3 and 4, pages 22 and 24, will enable the experimenter to decide.

The results obtained from (18) to (22), page (10), were applied to Table 3 and 4, on the
assumption of a single turn and sharp corners. Whilst it is possible to produce a formula of
the sort given in Vigoureux (1993), the bending of the wire at the corners is likely to cause
difficulties both as regards calculation and permanence of the instrument constant.

Why not then secure the desired axial symmetry by employing circular coils? A E Drake and
D A Rollett have recently wound a triaxial Helmholtz coil system of approximately 3 metres
in diameter to calibrate instruments, other coil systems, and determine the effect of low
magnetic permeability materials on the ambient magnetic field. The coils were wound on
circular formers of Fibrelam, produced from resin impregnated paper in the form of a
honeycomb sandwiched between layers of resin bonded paper. The material had the desired
properties of being non-magnetic, non-conducting and was lightweight yet rigid and
mechanically stable.

In 1959 Mr K Burley, of NPL's wood workshop, made and wound two pairs of circular
frames about 2 m in diameter to cancel the vertical and the horizontal components of the
Earth's field. Non-magnetic wood is available, and if the construction is performed in rooms
where no work on metals is allowed, contamination by dust from magnetic materials is
avoided. Mr Burley's coils secured the success of the measurement of the gyromagnetic
moment of the proton by Vigoureaux and Dupuy (1980).
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NOTE ON APPENDICES11

The formulae given in the text of this paper suffice for the calculation of the components of
magnetic field strength at any point of the system. The arithmetic is considerable, and even
for a single point a computer is of great help. The one used was a Casio PB-l00 without a
printer. The three programmes in BASIC, written for Tables 1 to 4, are reproduced merely
to inform readers of what was done. Should they need to apply the formulae to their own
requirements, they might well wish to secure shorter and more efficient programmes from
a more powerful computer and a simpler language.
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12 APPENDIX 1

Optimum distance of coil from the origin. By a simple and quick trial and error method the
programme determines B(=b/p) for a coil of N sides to cancel expression (30), page 7. The
last column of Table 1, page 7, shows the results.

10
15
20
30
40
50
60
70
80

INPUT N, B
SET F5
U = «B i 2)/x+«N*(TAN(x/N»)i-1
W = U + (TAN (x/N»/N
G = «B*B)(x)*(3*U*U+4*U*W+8*W*W)
H = 2*U*W*W+U*U*W
I = G-H
PRINT I
GOTO 10
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APPENDIX 213

Magnetic field strength on the axis.

This programme was used for a few points on the axis, see Table 2. It is easy to modify for
other points, also on the axis

10
20
30
40
50
60
70
80
90
100
110
120
130
140
150
160

INPUT N
SET F6
FOR I = 0 TO 5
Y = .05*1
B = 0.5-2.52*(SQR 1t)/Ni4
IF I = 0; PRINT B
U = (Y+B)i2+(N*(TAN(Ti/N»)i-1
W = U+(T AN(1t/N» IN
S=O
S = «1 I (2*1t) )*(Ui -1 )*(Wi -o.5)+S
U = (Y-B)i2+(N*(TAN(1t/N»)i-1
W = U+(TAN(1t/N»/N
S = «1/2*1t»*(Ui -1)*(Wi -O.5)+S
PRINTS
NEXT I
GOTO 10
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14 APPENDIX 3

Magnetic field strength off the axis.

The programme was used to illustrate in Tables 3 and 4 the departures from circular
symmetry that occur when polygonal coils replace circular ones.

10
20
30
40
50
60
70
80
90
100
120
130
140
150

170
180
190
220
230
240
250

270
280
290
300
310
320
330
340
350
360
370
380
390
400
410
420

INPUT E, W, R, N
SET F6
B = .5-2.52"'(SQRx) /Ni 4
PRINT B
S=O
P=O
FOR 1=0 to N-1
G = W+I*2"'x/N
T = (N"'(TAN(x/N»)i.5
X = -1/T+R"'(COS G)
J -(E+B)i2+xi2
K = X/I
L = -(E+B)/J
M = (R"'(SIN G)-T/N)"'«R"'(SIN G)

-T/N)i2+J)i-.5
0 = (R"'(SIN G)+T/N)"'«R"'(SIN G)

+ T /N)i2+J)i -.5
Q=MK-O
S = (K+Q)/(4"'x)+S
P = (L"'Q)/(4"'x)+P
J = (E-B)i2+xi2
K = X/I
L = -(E-B)/J
M = (R"'(SIN G)-T/N)"'«R"'(SIN G)

-T /N)i2+J)i -.5
0 = (R"'(SIN G)+T/N)"'«R"'(SIN G)

+ T /N)i2+J)i -.5
Q = M-O
S -(K"'Q)/(4"'x)+S
P = (L"'Q)/(4"'x)+P
NEXT I
PRINT I
IF I<N-1 THEN 80
PRINT S
IF W = 0; H = S
PRINT H
U-S/H-1
SET E6
PRINT U
V -P /S
PRINT V
GOTO 10
END
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