NPL REPORT CMAM 66

REPORT

The traceability of density
measurements via solid density
reference standards using the NPL

1 kg hydrostatic weighing apparatus

'E D

> ]

D J Bayliss and | Severn

May 2002

(@]

|
|

National Physical Laboratory

The National Physical Laboratory is operated on behalf of the DTI by NPL Management Limited, a wholly owned subsidiary of Serco Group plc






NPL Report CMAM 66

The traceability of density measurements via
solid density reference standards using the NPL
1 kg hydrostatic weighing apparatus

D J Bayliss and I Severn
National Physical Laboratory
Teddington, Middlesex, United Kingdom, TW11 OLW

May 2002

ABSTRACT

This report describes a method for making traceable measurements of the density of water by
hydrostatic weighing using calibrated spherical reference standards of nominal mass 1 kg
manufactured from Zerodur and silica. The results obtained were in good agreement with
values calculated from recently published formula. A traceable density measurement of a
stainless steel 1 kg artefact by hydrostatic weighing using the method above to determine the

density of the water is also described.



NPL Report CMAM 66

© Crown copyright 2002
Reproduced by permission of the Controller of HMSO
ISSN N° 1369-6785

National Physical Laboratory
Teddington, Middlesex, United Kingdom, TW11 OLW

Extracts from this report may be reproduced provided the source is acknowledged and

the extract is not taken out of context

Approved on behalf of Managing Director, NPL,
by Dr Roy Preston, authorised by Head of

Centre for Mechanical and Acoustical Metrology



NPL Report CMAM 66

TABLE OF CONTENTS

INTRODUCTION
EXPERIMENTAL PROCEDURE
Mass determination:
Density of water:
Density measurement of a stainless steel artefact:
MASS MEASUREMENT
DENSITY OF WATER
Water
Weighing procedure
Calculation of water density
Corrections to the water density equation
Results of water density measurements
DENSITY OF AN ARTEFACT
Weighing procedure
Calculation of the density of an artefact
Results of the density determination of A1
CONCLUSIONS
FUTURE WORK
ACKNOWLEDGEMENTS
REFERENCES

ILLUSTRATIONS

Figure 1 Weighing spheres on Mettler AT10005
Figure 2 Mass values obtained for spheres NPLW S01 and NPLW S02

Figure 3 Schematic diagram of weighing configurations

Figure 4 Zerodur sphere (top) and silica sphere (bottom) loaded in apparatus

o R NN Nt T Nt NN N e e

ok i e ek e e ek e
Nt Ui N1 B W N =

A U AN



NPL Report CMAM 66

Figure 5 Density of air saturated water 9
Figure 6 Artefact Al and Zerodur sphere loaded in apparatus 11
Figure 7 Density values for artefact A1 13
APPENDICES

Appendix1  Mass determination of spheres NPLW S01 and NPLW S02
Appendix 2.1 Determination of water density - 1st water sample
Appendix 2.2 Determination of water density - 2nd water sample
Appendix 3  Determination of the density of stainless steel artefact A1
Appendix4  Evaluation of uncertainties

Appendix 5.1 Uncertainty budget for the density of water using Zerodur sphere S01
(1st water sample)

Appendix 5.2 Uncertainty budget for the density of water using Zerodur sphere S01
(2nd water sample)

Appendix 5.3 Uncertainty budget for the density of water using silica sphere S02
(1st water sample)

Appendix 5.4 Uncertainty budget for the density of water using silica sphere S02
(2nd water sample)

Appendix 5.5 Uncertainty budget for artefact A1 (using Zerodur sphere)
Appendix 5.6 Uncertainty budget for artefact A1 (using silica sphere)



NPL Report CMAM 66

1 INTRODUCTION

The National Physical Laboratory owns two non-metallic precision ground and polished spheres
of nominal mass 1 kg, one made of Zerodur (the proprietary name for a ceramic glass produced
by Schott) identified as NPLW SO1, and the other from silica identified as NPLW S02. Both
spheres have recently been calibrated for mass and volume by two European national metrology
institutes - NPLW S01 by the IMGC ' in March 2001, and NPLW S02 by the PTB ? in
January 2001.

This report describes experiments carried out to assess the suitability of these spheres as volume
standards’ to provide traceable measurements of the density of water and, via this value, the
density of artefacts - principally standard weights of nominal mass 1 kg. A density
determination was made of a weight (identified as A1), which had previously been well
characterised in terms of density, to establish consistency with the earlier NPL hydrostatic
measurementsithat relied on values for the density of water obtained from tables or calculated

from formula.

These experiments also provided an opportunity for further assessment of the NPL’s existing
1 kg Solid Density Apparatus; the weight exchanger on this equipment was modified to accept

spherical artefacts in 1998, but had not previously been tested in this configuration.

2 EXPERIMENTAL PROCEDURE

The following measurements were carried out:

2.1 Mass determination:

The mass value of each sphere was determined by making comparison weighings on a Mettler
AT 10005 comparator against two NPL stainless steel Reference Standards and applying

corrections for air buoyancy.

! Instituto di Metrologia “G. Colonnetti”, Turino, Italy.
? Physikalisch-Technische Bundesanstalt, Braunschweig, Germany

* NPL has recently manufactured two spheres from pure single crystal silicon for experimental work related to the
Avogadro project. It is expected that one of these spheres will become available for use as a volume standard.

1
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2.2 Density of water:
Each sphere was used as a volume standard to calculate the density of water by hydrostatic
weighing. The values obtained were compared with those calculated using formula for the

thermal dilatation of water published by Patterson and Morris [1].

2.3 Density measurement of a stainless steel artefact:

The volume of a stainless steel cylindrical artefact of nominal mass 1 kg was determined by
hydrostatic weighing in water whose density had been determined using the Zerodur sphere
(NPLW SO1). This value was compared with values previously obtained by NPL and other

laboratories.

3 MASS MEASUREMENT

Initial mass values of both spheres were determined by NPL on a Mettler AT10005 comparator
(Figure 1) against two NPL stainless steel Reference Standards. The Zerodur sphere was then
cleaned by washing with an ethanol/ether mixture and rinsing with distilled water whilst the
silica sphere was left uncleaned as a control. Subsequent comparison weighings showed that the -

cleaning process had reduced the mass value of the Zerodur sphere by about 0.24 mg.

Figure 1. Weighing spheres on Mettler AT10005



NPL Report CMAM 66

The silica sphere was also cleaned at NPL prior to sending it to PTB for calibration. PTB
cleaned it with ethanol before both their initial and final mass determinations (i.e. before and
after hydrostatic weighing). They provided two mass values with their associated uncertainties
using two different methods to calculate the air buoyancy correction. The first value was
obtained by using the conventional CIPM formula (Giacomo [2], revised by Davis [3]) to
determine air density and hence the buoyancy correction, while the second value was based on
the use of air buoyancy artefacts calibrated in a vacuum. Although considerable smaller
uncertainties were obtained by the second method, the mass value obtained using the CIPM
formula was used for calculating water density in the investigation described in this report, since

it was more consistant with the normal practice used for mass evaluation by NPL.

After washing the Zerodur sphere in a methanol/ether mixture and rinsing in distilled water,
IMGC calculated two mass values with their associated uncertainties using a Mettler H315
comparator and a Mettler AT10005 comparator. As shown in Figure 2, the values agreed to
within 23 pg. The mass value obtained with the Mettler AT10005 was used for calculatin g water

density in this investigation described in this report.

Following their return from IMGC and PTB and prior to hydrostatic weighing by NPL, mass
values for both spheres' were again determined on a Mettler AT10005 comparator against two
NPL stainless steel Reference Standards. The results of these weighings are given in
Appendix 1. The work of Gliser [4] shows that physical differences in the shape of artefacts
under comparison may give rise to erroneous results due to convection effects caused by
changes in air temperature. The comparison of spheres with cylindrical mass standards is
particularly prone to this problem. Because measurements have shown that ambient air
temperature in the laboratory where NPL’s Mettler AT10005 comparator is located broadly
follows a diurnal cycle, it was decided to use only multiples of 24 hour measurement runs for
the final calculations. One 48 hour and two 24 hour measurement runs (a total 160 comparison

weighings) were used for each sphere.

A summary of mass values and uncertainties is shown in Figure 2. After the initial cleaning by
NPL, both spheres showed a significant mass loss (approximately 0.24 mg for the Zerodur
sphere and 0.40 mg for the silica sphere), which can reasonably be attributed to the removal of

surface contamination. There is some evidence of a subsequent mass gain by both spheres
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following their calibration by IMGC and PTB possibly due to re-contamination occurring, but

further investigation would be required to substantiate this.

Mass (g)

NPLW S01 (Zerodur)

1005.732 30

1005.732 20 -

1005.732 10

1 005.732 00

1005.731 90 -

1 005.731 80

1 005.731 70 -

1005.731 60 4

1 005.731 50

!
1

NPL: AT10005 comparator (Feb 2000)

NPL: AT10005 comparator (Oct 1999)

IMGC: AT10005 comparator (Mar 2001)

IMGC: H315 comparator (Mar 2001)

NPL: AT10005 comparator (Apr 2001)

Mass (g)

1011.755 90

NPLW S02 (silica)

1011.755 80

1011.755 70 4

1011.755 60 -

1011.755 50 -

1011.755 40 -

1011.755 30

1011.755 20

1011.755 10

1
1

NPL: AT10005 comparator (Feb 2000)

)

PTB: CIPM formula (Jan 2001)

e

PTB: Air density artefacts (Jan 2001)

i
L

NPL: AT10005 comparator (Apr 2001)

Figure 2. Mass values obtained for spheres NPLW S01 and NPLW S02.
The error bars represent the combined uncertainties of the mass values (at k=2),
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4 DENSITY OF WATER

4.1 Water

Pure water was prepared by the de-ionisation and single distillation of tap water in accordance
with standard NPL procedure described in NPL Report MOT 3[5]. After filling the vessel, the
water was allowed to stand for two days before starting the measurement runs to allow it to
approach air saturation equilibrium. Conductivity of the water was checked at intervals during
the runs. The measurements obtained ranged from 1.4 pS to 2.1 pS - a good indication that no

significant contamination of the water had occurred.

4.2 Weighing procedure

The object of the weighing procedure was to compare the weight in air of the standards (with the
spheres supported free of the cradle by the lifting arms) with the weight in water of one sphere
at a time loaded on the cradle. The two weighing configurations are shown schematically in
Figure 3. A series of measurement runs, each comprising two comparisons was made. At the
commencement of a run the balance reading with the standards (S1) on the comparator pan and
the cradle empty was adjusted to within 20 mg of the reading with the cradle loaded with the

sphere undergoing comparison, by placing suitable makeweights on the comparator pan.

Configuration 1 Configuration 2

SN —TT N S T
|_— hydrostatic cradle
water — |_— sphere in weighing
™ position
[« W— ]
lifting arms

Figure 3. Schematic diagram of weighing configurations.

Configuration 1 - standards (S1) on comparator pan, sphere (S01) clear of cradle.
Configuration 2 ~ makeweights (S2) on comparator pan, sphere on cradle.
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Initially, the silica sphere was loaded in the lower station of the exchanger and the Zerodur
sphere in the upper station (Figure 4). Two Tinsley model 5187SA platinum resistance
thermometers were positioned at either side of the silica sphere. A series of measurement runs
were made. The air temperature, pressure and dew point, and the water temperature were

recorded at each stage.

Rl

Figure 4. Zerodur sphere (top) and silica
sphere (bottom) loaded in apparatus

After weighing the silica sphere, the thermometers were repositioned on either side of the
Zerodur sphere and another series of measurement runs were made. To reduce the possibility of
systematic errors the measurement procedure was then repeated with the silica sphere loaded in
the upper station and the Zerodur sphere in the lower. Details of these measurements are given
in Appendix 2.1. Finally, the whole experiment was repeated in a fresh sample of pure water

(Appendix 2.2).
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4.3 Calculation of water density

Let Wi be the apparent mass in air of the standards (S;) (kg)

W3 be the apparent mass in water of the sphere plus the apparent mass in
air of the makeweights (S,) (kg)

M5, be the mass of the standards (kg)

Vs be the volume of the standards (m3)

Ms; be the mass of the makeweights (kg)

Vs2 be the volume of the makeweights (m3 )

Mso; be the mass of the sphere (kg)

Vso1 be the volume of the sphere (m3)

pa be the air density (kg m™)

pw be the water density (kg m™)

Since by Archimede’s principle the upthrust must equal the weight of fluid displaced
then W, =Mg =pa-Vs) (kg) (1)

and W, =My, —p,-Vg, )+ Mo —Pw-Vsor) (kg) @)

However, (W-W;) is equal to the difference in balance readings (AW) for the two
configurations because the apparent mass of the cradle and suspension cancels out as it is the

same in both cases.

Therefore AW = W-W; (kg) 3)
by substituting equations (1) and (2) in (3)
AW =M, —p,. Vg ) =M, —p,4 Ve ) = Mo Py -Veor)

or Pw- Vs = Mg, =Mg)+p, (Vs = Vg,) + Mg, + AW

_ pa(Vs, - Vg, ) + (M, - Mg,) + Mg, + AW

Pw (kg m™) 4)
VSOI



NPL Report CMAM 66

4.4 Corrections to the water density equation

Several corrections must be considered in respect of Equation (4). Because of its
compressibility, the density of water increases with depth due to the weight of the column of
water above it. As a value for the water density at standard atmosphere pressure (101 325.0 Pa)
is required, a negative correction must be applied to compensate for the depth of immersion of
the spheres. The correction required was determined using the compressibility data published by
Kell [6]. This is equivalent to 4.7 x 10” kg m™ per cm of immersion depth. As the centre of the
upper sphere was 12 cm below the water surface and the centre of the lower sphere 22 cm below
the water surface, immersion depth corrections of -0.000 56 kgm™ and -0.001 03 kgm?

respectively were applied.

Small corrections were applied to compensate for changes in the volume of the silica sphere due
to its thermal expansion; the Zerodur sphere has a negligible coefficient of thermal expansion at
20 °C. Variations in the ambient air pressure also have a small effect on the water density, but

within the uncertainties applicable to these experiments, the effects are insi gnificant,

Corrections were also applied to compensate for the difference in local gravity caused by the
vertical separation between the spheres and standards. The correction required on the mass of

the standards (AMs) is given by the formula

AM =lx§§xh (kg)
g oz

where B_g is the gravitational gradient (s'2)

Z
g is the acceleration due to gravity (m s'2)
h is the vertical separation between the centres of gravity of the spheres and

standards (m)

The thermal expansivity of the water can be assumed to be linear since it was maintained within
the narrow range of 20 °C + 0.1 °C during measurement runs. The best-fit line from a regression

analysis within this temperature range using the water density equation derived by Patterson and

* A gravitational gradient value of 2 948 x 10° s measured at NPL in 1993 by the University of Edinburgh
Department of Geology and Geophysics was used in the calculations. [7]

8
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Morris [1] gave a value for the thermal expansivity of 2.066 36 x 10 °C"!. Using this value, the

experimental results of the water density were corrected to a temperature of 20 °C.

4.5 Results of water density measurements

The results obtained using each sphere were tabulated in a spreadsheet and values for the water
density obtained using equation (4). The corrected values determined by using each sphere for

both water samples are shown in Figure 5.

998.209

998.208 T
998.207 A
998.206 -
998.205 -
998.204 +

998.203 -

Density (kg m*)
1st water sample (using NPLW S02)

2nd water sample (using NPLW S02)

998.202 -

4
Patterson and Morris equation

998.201 A

1st water sample (using NPLW S01)

998.200 -

2nd water sample (using NPLW S01)

998.199 +

998.198

Figure 5. Density values of air saturated water corrected
to 20 °C and standard atmospheric pressure.
The error bars represent the combined uncertainties at k=2.

For comparison, a value calculated from the Patterson and Morris equation is included which
has been adjusted for the effect of air saturation using Bignell’s equation [8]. It should be noted
that for the hydrostatic weighing of an artefact, further type B uncertainties mainly arising from
water temperature measurement would need to be added to the Patterson and Morris value,

increasing the uncertainty to approximately 0.003 kg m™ (af k=2).



NPL Report CMAM 66

The density equation given by Patterson and Morris [1] gives values based on water having the
oxygen isotope (‘*0:'°0) ratio and deuterium - hydrogen (D:H) ratio of Standard Mean Ocean
Water (SMOW)S_. To enable local NPL water to be directly compared, a correction of
+0.002 0 kg m™ has been applied to the NPL results® shown in the Fi gure 5.

Spreadsheets and graphs of the results are given in Appendix 2.1. An explanation of the
evaluation of the uncertainties is included in Appendix 4 and the uncertainty budgets are given

as Appendices 5.1 to 5.4.

* This standard was superseded by Vienna Standard Mean Ocean Water (VSMOW) in 1995. None of the changes

made to the standard are significant in the context of this report.

S This value was determined from a sample of NPL tap water analysed at the BIPM in 1986. See NPL Report
MOT 3 [5].

10
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5 DENSITY OF AN ARTEFACT

5.1 Weighing procedure

A fresh sample of de-ionised and distilled water was prepared for this experiment. The Zerodur
sphere (NPLW SO1) was loaded in the lower station of the exchanger and the stainless steel
artefact Al in the upper station (Figure 6). One Tinsley model 5187SA platinum resistance
thermometer was positioned level with the centre of the sphere and anbther level with the centre

of the artefact.

Figure 6. Artefact Al and Zerodur sphere loaded in apparatus

The density of the water at 20 °C was first calculated by hydrostatic weighing of the Zerodur

sphere using the method described in Section 4.

A series of measurement runs using the artefact A1 were then performed. The air temperature,
pressure and dew point, and the water temperature were recorded at each stage. At the
commencement of a run the balance reading with the standards (S1) on the comparator pan and
the cradle empty was adjusted to within 20 mg of the reading with the artefact Al on the cradle,

by placing suitable makeweights on the comparator pan.

11
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Finally, as there appeared to be a systematic difference between the values obtained for the
water density when using the Zerodur and silica spheres (Figure 5), a further determination of

~ the water density was made by hydrostatic weighing of the silica sphere.

5.2 Calculation of the density of an artefact

Let W be the apparent mass in air of the standards (S;) (kg)

W3 be the apparent mass in water of the sphere plus the apparent mass in
air of the makeweights (S,) (kg)

Mg be the mass of the standards (kg)

Vs be the volume of the standards (m3)

Ms; be the mass of the makeweights (kg)

Vs2 be the volume of the makeweights (m3)

M4, be the mass of the artefact (kg)

Va1 is the volume of the artefact (m3)

Pa is the air density (kg m'3)

pw is the water density (kg m™)

Since by Archimede’s principle the upthrust must equal the weight of fluid displaced

w| = (Ms1 "pA-V51) (kg) (5)

and W, =Mg —pa-Ve) + (M, —py.V,,) (kg) (6)

However, (W;-W,) is equal to the difference in balance readings (AW) for the two
configurations because the apparent mass of the cradle and suspension cancels out as it is the

same in both cases.

Therefore AW = W,-W, (kg) (7)
by substituting equations (5) and (6) in (8)

AW = (Mg, =p V)~ Mgy = Vig) = (M, -pyy V)
or Pw-Var =pa(Vsi- Vsz) + (Ms2-Ms)) + My + AW

Pa(Vsi - Vi) + Mg, -Mg )+ M, + AW em®
Pw

V= (8)

12
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5.3 Results of the density determination of A1

The results of the water density measurements are given in Appendix 2.2 and the uncertainty

budgets in Appendices 5.5 and 5.6.

For each measurement of artefact Al, temperature corrections were made to the value of the
density of water obtained experimentally, by applying the thermal expansivity value calculated
previously (Section 4.4). After corrections were made for immersion depth and the difference in
local gravity caused by the vertical separation between the artefact and standards, the volume
was calculated using Equation (8). The mass value of the artefact (measured prior to this
experiment) was then used to calculate its density at the measured temperature, and corrected to
the density at 20 °C by using the coefficient of cubic expansion of 4.7x107 °C™! which had been

determined during earlier work at NPL.

7 890.05
7 890.00 - -
7889.95 - -
o) =23
© <~ o
[s2] [22]
s & |3
7 889.90 - e T g
S g 2 5
E @
o E‘ g- * %
< 7889.85 - S €5 =
Z g |3 |2 7178 _8
© N o
© 7889.80 - 8 = | 18 |3
~ o
z | % 42 {3
z T %o
7 889.75 - > z
s c
L 1 g 3
| J_ ]
7 889.70 - 12 g
7 889.65

Figure 7. Density values for artefact NG
The error bars represent the combined uncertainties (at k=2).

" The CCM Intercomparison shows Type A uncertainty contributions only

13
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A summary comparing the results with previously obtained values is shown in Figure 7. Since
some of the earlier results used different formula to determine the density of water, corrections

have been made to compensate where applicable.

The spreadsheets and graphs are shown as Appendix 3. An explanation of the evaluation of the

uncertainties is described in Appendix 4 and the uncertainty budget is given in Appendix 5.5.

6 CONCLUSIONS

The aims of the project were satisfied in so far as values for the density of water were obtained
which were traceable to the calibrated mass and volume of the spheres. These values agreed,
within their calculated uncertainties, with each other and (with appropriate corrections applied)
to the value calculated using the Patterson and Morris formula. However, for both water
samples, the values obtained using the Zerodur sphere (NPLW SO01) were about 2-3 ppm lower
than those obtained using the silica sphere (NPLW S02), suggesting the possibility of a

systematic error.

Although, because of limitations of the equipment and the laboratory environment, the
uncertainties achieved were inevitably inferior to those obtainable by the use of the Patterson
and Morris formula, the method described has the advantage that the result is a measure of the
actual density of the water (or other liquid) that will be used for. hydrostatic weighing. It is
therefore independent of any factors (e.g. contamination, degree of air saturation) that could

affect the integrity of a density value determined from formula or tables.

Values for the density of the stainless steel artefact A1 were also obtained which were traceable
via the density of the water to the calibrated mass and volume of the spheres. These agreed,
within their calculated uncertainties, with each other and with values obtained from previous
calibrations. Although the calculated uncertainties were lower than those previously obtained
(using the same artefact and-apparatus but traceable to the calculated density of water), it was
established that this was the result of tighter control of the uncertainty budget for the new
determination. Reprocessing the earlier data using the current method for determining

uncertainties showed a similar improvement to the overall uncertainties.

14
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The main contributions to the uncertainties were the standard deviation of the measurements and
the gradient and instability of the water temperature within the vessel. Both are the result of
limitations inherent in the apparatus and ancillary equipment. Nevertheless, the experiments
provided valuable information about the methodology and calculations required and established
that the use of the spheres was viable as a traceable methbd for determining the density of a
liquid. It is anticipated that much of this knowledge will be directly applicable to the operation

of NPL’s new 1 kg hydrostatic apparatus, which is expected to be operational early next year.

7 FUTURE WORK

Although the new 1 kg hydrostatic apparatus is expected to become NPL’s primary equipment
for the high accuracy density determination of standards up to 1 kg, the existing equipment used
for the work described in this report will still remain useful since it is very versatile as its

configuration is easily changed to accommodate artefacts of non-standard shape and/or mass.

Experiments have shown that, becaﬁse of its proximity to the surface, the water adjacent to the
upper station is appreciably more unstable in temperature than that adjacent to the lower station.
It is planned to modify the apparatus by extending the lifting arms so that the stations are lower
in the water. It is believed that this will reduce the temperature gradient of the water in the
vicinity of the upper station and lead to a significant improvement in the overall uncertainties

obtainable.

8 ACKNOWLEDGEMENTS

The authors wish to thank Mr S Downes for his help and advice throughout this project.
Financial support was provided by the National Measurement System Policy unit of the UK

Department of Trade and Industry.

9 REFERENCES

[1] PATTERSON, JB. and MORRIS, E.C. Measurement of Absolute Water Density,
1 °Cto 40 °C. Metrologia, 1994, 31, 277-288.

15



NPL Report CMAM 66

(2]
(3]
(4]
(3]
(6]

[7]

(8]

GIACOMO, P. Equation for the Determination of Moist Air (1981), Metrologia, 1992, 18,
33-40.

DAVIS, R.S. Equation for the Determination of Moist Air (1981/91), Metrologia, 1992, 29,
67-70.

GLASER, M. Change of the apparent mass of weights arising from temperature
differences. Metrologia, 1999, 36, 183-197.

DOWNES, S.P. and ELANDALOUSSI, S. A Comparison of Hydrostatic Weighing
Methods Used to Determine the Density of Solid Artefacts. NPL Report MOT 3, August
1997.

KELL, G.S. J. Chem. Eng. Data., 1975, 20, 97-105.

SEVERN, L. and RAYMOND, N.M. S. The Assignment of Values to NPL’s 1 kg Standards
Following the Third International Verification of Prototype Kilograms, NPL Report MOT 2,
1996, 17.

BIGNELL, N. The Effect of Dissolved Air on the Density of Water. Metrologia, 1983, 19,
57-59.

16



NPL Report CMAM 66

APPENDIX 1

MASS DETERMINATION OF SPHERES NPLW S01 AND NPLW S02
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APPENDIX 2.1

DETERMINATION OF DENSITY OF WATER - 1st SAMPLE
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APPENDIX 2.2

DETERMINATION OF DENSITY OF WATER - 2nd SAMPLE

Used for density measurement of artefact A1
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APPENDIX 3

DETERMINATION OF THE DENSITY OF A STAINLESS STEEL ARTEFACT Al

Parameters Mass Volume Expansion Density
(9) at 20 °C (cm?) coeff.(°C™) at 20 °C (kg m®)
Water (S01 sphere) - - 2.07E-04 998.199 570
Water (S02 sphere) - - 2.07E-04 998.202 601
Artefact (A1) | 999.557 704 - 4.70E-05 -
Standards (S1)* | 1005.222 971 127.683 3 - -
Standards (S2)* | 132.000 108 16.766 9 - -

*0.000 180 g added to S1 and 0.000 024 added to S2 to compensate for gravity gfadient

Using the value for the density of water determined using the Zerodur sphere

Artefact A1
Run AW Air density | Water temp. | Water density* Volume Volume at 20 °C | Density at 20 °C

(g) (kg m™) (C) (kg m*) (cm®) (cm®) (kg m?)

1] - 0.001 24 1.1839 19.9130 998.218 21 126.690 65 126.690 13 7 889.783 3

2| - 0.000 91 1.1826 19.914 0 998.218 00 126.690 86 126.690 35 7 889.769 7

3| - 0.001 08 1.1815 19.918 0 998.217 17 126.690 68 126.690 19 7 889.779 9

4( -0.001 18 1.1805 19.923 0 998.216 14 126.690 60 126.690 14 7 889.783 1

5] - 0.000 66 1.1812 19.926 0 998.215 52 126.691 27 126.690 83 7 889.739 8

6] - 0.000 61 1.1800 19.928 0 998.215 11 126.691 24 126.690 81 7 889.741 0

7| - 0.000 60 11787 19.933 0 998.214 07 126.691 24 126.690 84 7 889.739 3

8| - 0.000 84 11777 19.938 0 998.213 04 126.691 02 126.690 65 7 889.751 2

9 -0.007 18 1.1854 20.092 0 998.181 22 126.689 56 126.690 11 7 889.784 8

10] - 0.006 96 1.1844 20.092 0 998.181 22 126.689 67 126.690 22 7 889.778 0

* Formula includes correction for depth of immersion of + 0.000 66 kg m™ Average: 7 889.765 0
o(t): 0.0198

Using the value for the density of water determined using the silica sphere

Artefact A1
Run AW Air density | Water temp. | Water density* Volume Volume at 20 °C | Density at 20 °C

(@) (kg m®) (%) (kg m*) (cm®) (cm®) (kgm?)

1| - 0.001 24 1.1839 19.9130 998.221 24 126.690 27 126.689 75 7 889.807 3

2] - 0.000 91 1.1826 19.914 0 998.221 03 126.690 48 126.689 97 7 889.7937

3| - 0.001 08 1.1815 19.9180 998.220 20 126.690 29 126.689 80 7 889.803 9

4| - 0.001 18 1.1805 19.923 0 998.219 17 126.690 21 126.689 75 7 889.807 0

5] - 0.000 66 1.1812 19.926 0 998.218 55 126.690 89 126.690 45 7 889.763 7

6| - 0.000 61 1.1800 19.928 0 998.218 14 126.690 86 126.690 43 7 889.764 9

7} - 0.000 60 1.1787 19.9330 998.217 11 126.690 85 126.690 46 7 889.763 3

8| - 0.000 84 11777 19.938 0 998.216 07 126.690 63 126.690 27 7 889.775 1

91 -0.007 18 1.1854 20.092 0 998.184 25 126.689 18 126.689 72 7 889.808 8

10] - 0.006 96 1.184 4 20.092 0 998.184 25 126.689 29 126.689 83 7 889.802 0

* Formula includes correction for depth of immersion of + 0.000 66 kg m™ Average: 7 889.789 0
o(): 0.019 8
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APPENDIX 4
EVALUATION OF UNCERTAINTIES

1 MASS VALUES

The uncertainties for NPL’s determination of the mass values of the spheres were obtained
using the methods described in NPL Report CMAM 22.

2 WATER DENSITY
CONTRIBUTIONS FOR THE EXPANSIVITY OF WATER

Over the limited temperature range in which this work was carried out (19.9 °C to 20.1 °C)
the expansivity of water was assumed to be linear (Section 4.4). Its mean value was evaluated
using the fifth order polynomial of Patterson and Morris [1]. Calculations showed that worst
case errors due to the assumption of a linear relationship are 2 parts in 10® for the data under

consideration here.

Therefore if
p2o is the calculated water density at 20 °C (kg m'3)
pr is the measured water density at T °C (kg m™)
AT is (20-T) (°C)
a is the expansivity

all of the measured values can be corrected to 20 °C using the following equation:

Py =P (1+0a.AT) (kgm™)
and if

U is the combined standard uncertainty of the input standard uncertainties
u(x) is the input uncertainty of quantity x
C1,C2,C3uunn. cq are the sensitivity coefficients of the input uncertainties

the uncertainty in p,y may be evaluated as follows:

A4.1
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uc(pzo)2 =Clzu(pT)2 +022u(0°)2 +C32U(T)2

_[apTJu(pT) +( %o u(o)® + aT u(T)

=(1+0AT)’u(p;)® + (prAT) u(ar)® + (pr0) 2 u(T)?

For the purpose of this work o was calculated to be 2.066 36 x 10 °C™! from the equation of
Patterson and Morris in the range 19.9 °C to 20.1 °C.,

MEASUREMENT CONTRIBUTIONS

If Mg is the mass of the standards (kg)
Vs is the volume of the standards (m3)
My is the mass of the makeweights (kg)
Vs is the volume of the makeweights (m3 )
Mgp is the mass of the sphere (kg)
Vsp is the volume of the sphere (m®)
Pa is the air density (kg m™)
pw is the water density (kg m™)

AW is the difference between balance readings (kg)

then (from Section 4.3, Equation 4) the measured water density at temperature T (°C) is given
by
_ Pa (VSI B Vsz) + (Msz _MSI ) + MSP + AW

Pwer = > (kg m”)
Sp

and if Agr is the uncertainty contribution of the surface tension force acting on the suspension

wire, then

_ pA(VSl _Vsz) + (Msz _M51)+Msp +AW + Asr
Pwr = v
SP

(kg m™)

therefore the uncertainty in the measured density may be expressed as follows:

A42
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Ue(Pwery)® =c, u(p,)? +cu(Vy,)? +c6’u(V,)? +c¢, u(Mg, )’ +cg u(Mg,)?

+¢5 U(Mgp)? 4¢3 u(Ap)” ¢, u(AW )2+, u(Asp)? +¢,,7u (V)2

where
c. = apT =V31_Vsz
’ aPA Ve
.= 9P |_Pa
’ Vg sp

c. = dpr _ Pa(Vs, — V) + (Mg —Mg,) Mg, —AW —Agr
? Ve VSP2
AIR DENSITY CONTRIBUTIONS

The dependence of the uncertainty in air density on the parameters that are measured to
calculate it, i.e. temperature, pressure, dew point and carbon dioxide concentration, are taken

from Giacomo [2].

This can be expressed as

2 2 2 2 2 2 2 2 2
Uc(pa) =cyy u(pA(p)) €1 U(Pay) +Cys (P py)” +Cy6 u(pA(COZ))

A43
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where cj3= —ap—A— = +1x107° Pa
9P acp)

dp,
P ar)

Cigs =

]: —4x107 °C’!

Cis = 'ﬁ- -‘——3)(10_4 °C"
apA(d)

Cig = -—ﬂ)—A— =+04 axcoz
apA("coz)

3 DENSITY OF AN ARTEFACT
CONTRIBUTIONS FOR THE DENSITY FORMULA

If Ma, is the mass of the artefact (kg)

Vali20yis the volume of the artefact at 20 °C (m3 )

then pa1co), the calculated density of the artefact at 20°C, is expressed by

MA] -3

P aic20) ="\7—

Al1(20)

kg m

and the uncertainty is

U (P ai20) )P = Cl2u(VAI(20))2 + C22‘1(1\/11\1 )?

3 2 3 2
_ P a1c20) J u(VA](2O))z+[ P ai20) ju(Mm)z

a\/AI(ZO) a1\/IA1(20)

~M 120 ’ 1
= ‘——Al(zz)} U(VAx(zo))2 +(V

VAI(ZO) A1(20)

2
] uM,,)’

Ad44
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CONTRIBUTIONS FOR THERMAL EXPANSION OF THE ARTEFACT ‘

If Vi, 18 the calculated volume at 20 °C (g cm™)

Vi is the measured volume at T °C (g cm“3)

AT is (20-T) (°C)

o is the cubic coefficient of thermal expansion

The volume of the artefact at 20°C is found from the formula

VAI(ZO) = VAI(T) (1 + OCAT) (Cm‘3)

and the uncertainty in measured volume may be expressed as follows

uC(VAl(ZO))Z = C32u(VA1(T))2 +C42u(0‘)2 +052u(T)2

2 2 2
aVAl(ZO) 2 aVAl(ZO) 2 aVAl(ZO) 2
= ——— \Y —_— _— T)*
( aVAl(T) u wien ) be[04 ne)”+ oT u(m)

=1+ 0AT)* u (V1) + (VAT () + (V1,0 00) *u(T)?

MEASUREMENT CONTRIBUTIONS

If Mg, is the mass of the standards (kg)
Vs, is the volume of the standards (m3)
Ms; is the mass of the makeweights (kg)
Vs3 is the volume of the makeweights (m?)
Msp is the mass of the sphere (kg)
Vs, is the volume of the sphere (m%)
Pa is the air density (kg m™)
pw is the water density (kg m™)

AW is the difference between balance readings (kg)

then (from equation 8) the measured volume of the artefact at temperature T (°C) is given by

Pa(Vs - V) + My, -Mg)+ M, + AW

(m*)

VA]('T ) =
Pw)

A4.5
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and if Agr is the uncertainty contribution of the surface tension force acting on the

suspension, (i.e. the wetting check), then

Pa(Vs -Vi) + Mg, -Mg )+ M, +AW + Asr

Pwen

3
VA](T) = (m”)

therefore the uncertainty in the measured volume may be expressed as follows

uc(VAl(T))2 = Cszu(pA)z +C72u(st)2 '*'(38211(\752)2 +C92U(Msz)2 +C102u(MSI )?

+C112u(MA1)2 +C122u(AW )? +Cl32u(AST)2 +Cl42u(pW(T))2
where

aVAI(T) — Vs: _Vsz

c, =
° dp4 Pw)
. = IVaim —_Pa

’ dVy, Pwr
e = Vaim ___Pa

g = =

Vg, Pwer

o =[N |__1

’ dMj, Pwer)
o = NV _ 1

0= =

l oM Pwem
o = aVAl(T) _ 1

! oM, Pwen
o = aVAl(T) _ 1
N JdAW Pwr)
o = IV aim _ 1
" 0 Ast Pwm
o = aVAl(T) _PalV - V) + Mg, -Mg) =M, — AW — Agr
4= =
Ay Pwm2

Ad.6
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AIR DENSITY CONTRIBUTIONS
As shown previously

2 2 2 2 2 2 2 2 2
Uc(pa)” =c5 u(pA(p)) +Cis U(Pa) U(Pa@) +C U(P Accon)

therefore

Cis = ap—A = +1x107 Pa
apA(p)

dp,
apA(T)

Cig = J = —4-)(10~3 OC-l

Ci7 = 9P = —3x107* °C!
apA(d)

ap A(XC02)

Cig = L]= +04 axcoz
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APPENDIX 5.1

UNCERTAINTY BUDGET FOR THE DENSITY OF WATER

Using Zerodur sphere (1st water sample)
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APPENDIX 5.2

UNCERTAINTY BUDGET FOR THE DENSITY OF WATER

Using Zerodur sphere (2nd water sample)
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APPENDIX 5.3

UNCERTAINTY BUDGET FOR THE DENSITY OF WATER

here (1st water sample)
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APPENDIX 5.4

UNCERTAINTY BUDGET FOR THE DENSITY OF WATER

here (2nd water sample)
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APPENDIX 5.6

UNCERTAINTY BUDGET FOR ARTEFACT A1

density of water
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