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ABSTRACT

The problem of predicting the stress and displacement distributions in an assembly of
perfectly bonded muitiple cyvlinders subject to load transfer has been reduced to manipulating
sets of recurrence relations that generate a set of fourth order simultaneous ordinary
differential equations. Each cylinder is assumed to be a transverse isctropic solid and account
is taken of the residual stresses arising from thermal expansion mismatch effects. Numerical
solutions of the problem are readily obtained using a desk-top computer and experience of
application of the technique to unidirectional carbon fibre epoxy composites has shown that
the new technique is robust.

For a unidirectional composite with fibre fractures, by representing the fibres by one set of
cylinders, the matrix by another set, and surrounding effective composite material by a third
set, accurate solutions for stress and displacement distributions can be found in the vicinity
of a fibre fracture that agree closely with finite element solutions. For the fibre fracture stress
transfer problem, singularities are encountered for the axia! stress in the matrix in the plane
of the fibre fracture. These singularities are modelled reasonably well by the new technique
whereas corresponding FEA predictions are subject to error in such regions. Stress transfer
between fibre and mabix is affected significantly if the representative volume for the
unidirectional composite is embedded in effective composite material. Stress transfer then
occurs over a much larger distance ailong the fibre.

By smoothing out nearest neighbour fibres into the form of a cylindrical tube or shell, the
multiple cylinder model can be used to estimate the stress concentrations that are induced
in neighbouring fibres when an isolated fibre fracture occurs in a unidirectional composite.
The value of the stress concentration is found to be slightly bigher than that predicted by
local load sharing if account is taken of the axial stress gradient in the nearest neighbour
fibres, and smaller if the stress concentration is based on the average axial stress in these
fibres.
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1 INTRODUCTION

A multiple concentric cylinder model of a unidirectional composite has been used [1] to
estimate the thermoelastic constants for the case when the composite does not contain any
form of damage such as broken fibres. The objective of this paper is to show how stress
transfer in a similar multiple concentric cylinder representation of a unidirectional composite
can be estimated when fibre fractures occur. The new technique can be used to develop
accurate solutions for stress and displacement distributions in two-phase composites by
representing both fibre and matrix material by series of concentric cylinders having the
properties of fibre or matrix material. The model can also be used to represent the effect of
surrounding composite material on stress transfer associated with fibre fractures. The
technique automatically allows the solution of stress transfer problems that arise in multi-
phase composites. Such composites are encountered when coated fibres are incorporated into
composite materials. Also reaction effects between fibre and matrix lead to the introduction
of additional phases when metal matrix composites are operated at elevated temperatures.
Multi-phase composites can be used to model non-uniform matrix properties associated with
the transcrystalline layers that arise when carbon fibres are incorporated in epoxy matrix
composites.

In this report a multiple concentric cylinder model of a unidirectional composite is analysed
under biaxial tension, and subject to applied axial load distributions that give rise to axial
stress transfer between cylinders through the action of distributed shear stresses on the
interfaces betwesn neighbouring cylinders. The model is constructed so that the concentric
cylinders can be made of different transverse isotropic materials, so that they are perfectly
bonded together, and so that the cylinder assembly is embedded in a surrounding transverse
isotropic medium which has the same thermoelastic constants as the undamaged composite.
The model takes full account of the effects of the thermal residual stresses induced in the
composite during manufacture as a result of the difference in thermal expansion behaviour
of fibre and matrix.

The solution technique is based on an earlier stress transfer model [2] that can deal only with
two concentric cylinders. The extension to multiple cylinders involves the development of
sets of recurrence relations used to generate simultaneous fourth order ordinary differential
equations that can be solved by numerical methods, and to calculate the stress and
displacement distributions throughout the cylinder assembly. Example stress and
displacement distributions are presented to demonstrate that the solutions obtained by the
new technique are in agreement with those obtained using finite element techniques [3].

2 GEOMETRY OF THE ASSEMBLY OF CONCENTRIC CYLINDERS

Assuming that the stress-transfer problems to be solved are axisymmetric, a set of cylindrical
polar coordinates (r, 6, 2) is introduced such that the origin lies on the axis of the innermost
cylinder and the z-axis is directed along the axis of this cylinder. Fig.1 illustrates the
geometry of the system where N cylinders are shown such that the i" cylinder occupies the
region r,; Sr<r, fori=1.N, wherery= 0.

3 EQUILIBRIUM EQUATIONS

For axisymmetric problems the following equilibrium equations must be satisfied in every
cylindrical element of the system

acn + aorz + Orr - 009 =0, (])

or dz T
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9, |, % @
az or T

4 STRESS-STRAIN-DISPLACEMENT RELATIONS

For each of the N cylindrical elements present, transverse isotropic stress-strain relations and
corresponding strain-displacement relations are specified for r,, Sr<r,i= 1..N, by

i i

dJu o) \Y v -
err = '5'—'- = _"‘: - _11"089 - "_Ai‘o-zz * dYAT' (3)
r T ET EA
u v c i
€go = — = — =0, + — - Lo+ AT, @
r E; r E,
ou v 1) )
E, & — = - 2(0, +0,) + 22 + AT, (5)
zz 3z 7 rr E
A A
du du o
2e = "+ __* = _T*, (6)
Tz dz or u:\

where E,, E{, vi, v§, o) and af are the axial and transverse Young’s moduli, Poisson ratios
and thermal expansion coefficients for the i* cylindrical element. It should be noted that

Ei =20 (1 +vi)but Bl # 2pi (1 +v,),i=1.N, @

where 1} and pu} are, respectively, the axial and transverse shear moduli of the i*" cylindrical
element.

5 INTERFACIAL AND EXTERNAL RADIAL BOUNDARY CONDITIONS

At the interfaces r = r, i = 1..N-1 between each cylindrical element of the system the
following continuity conditions must be satisfied for all values of z

c(r-,2) =0 (r+, 2 , o (r-,2) =0+, 2), (8)

ulr-, 2 =ulr+, 2 , ulr-,2) =ul+, 2. 6

These conditions assume that there is perfect bonding between each cylindrical element.

On the external surface r = ry of the assembly of cylinders one of the following two sets of
boundary conditions is imposed

PROBLEM I: o (r,.2) =06,, o r,,2) =0, (10)

or
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PROBLEM II: o (r,,2) =0, ufr,, 2 = u, (an

where ¢p is a uniform transverse applied stress, and where u is a uniform radial
displacement. These boundary conditions, when applied in conjunction with the generalised
plane strain requirement of a uniform strain € being imposed in the z-direction, lead to a
problem whose solution corresponds to the multiple cylinder Lamé solution [1]. For many
applications the parameter u will be specified by the value of u, on the external boundary
r = ry given by the Lamé solution of problem 1. This situation is assumed in this report.
There are many problems which arise where the strain € in the z-direction is not uniform
because of some form of axial stress transfer between the various cylindrical elements. The
solution of such problems is the principal objective of this report. The solutions of problems
I and II are expected to represent extremes of stress transfer behaviour; problem [ having no
lateral constraint while problem II maximises such constraint when u = 0.

6 ASSUMPTIONS OF THE RECURSIVE SOLUTION TECHNIQUE

The starting point for the development of the recursive solution technique for stress transfer
problems is to assume the following representation for the shear stress component

ForO<r<r,

o, = Cla)_. (12)
T

For I £rs I, i=2.N
r. r :
wofenfe )l g o
r ri r ri_1

where A = __> T, i=2.N. (i4)

The stress component 6,, is automatically continuous at r = 1, i = 1...N-1 thus satisfying the
interfacial boundary condition (8),. The functions C{z), i = 1...N are unknowns which are to
be determined. It follows from (12) and (13) that

o,2)=C'@, i=1.N. (15)

A corresponding representation for the radial displacement components is assumed of the
form

ForO0<r=<m

u = u (2)_, (16}
r
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Forry<r<sr,i=2.N

At
u = 7‘1[“14 (z) {f{ - _';] - u,(2) [-r'-l - -f-”f a”n
rooT oo,

so that the displacement component u, is continuous at r = r, i = 1...N-1 thus satisfying the
interfacial boundary condition (9);. It follows from (16} and (17) that

u(r, z = u) i=1LN. (18)
The functions u(z), i = 1...N are also unknowns to be determined by the recursive technique.
7 DERIVATION OF OTHER BASIC RELATIONS (REGIONS: 1, €r<r,i=2..N)
On subtracting the relations (3) and (4)
E., — €4, = é_l,_._iT'(c"-G“) = r.a_a;[_ur_'] (19)
On substituting (17) in (13} it can be shown that

or.oufz) -ru (2)
Grr B GB& = 4”'1[11 — 2 > 2 ! (20)

r

The substitution of (13) and (20) in the equilibrium equation (1) leads to

3 | |
RIS {C.” @ [ii _ __‘_J - ¢ () [ﬁ’. _ LH
ar ot r T, ' rooT

+ 4“—}1‘ rrul-l (Z) - r1-1 ui(z) ‘ (2'1)

I'3

Integration with respect to r then yields

1-3
r r

]

* 2]'1’11' ll {1‘_ ul (Z) - r: u1-1 {Z)] {—15 - _]5] " 01T (Z) . (22)

where o1(z) are the radial stresses acting on the interfaces r = 1, i = 2..N-1 and on the
external surface r = ry. The stress component Gy, can then be caiculated using (20). Since (8),
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asserts that ¢, must be continuous at r = 1, i = 1...N-1 it follows from (22) that a recurrence
relation can be derived of the form

f7i=1

i1 L 1 "
o, (z) = dT(z) + lil r, In_. + Eri}c.‘ (z)

i (z) :
- 1A ln_r'_"l + _] T, Cﬂ (z) + 2|J,‘T u B @ , 1 =N.2. (23)
r 2 ' r r,
On using (2) and (13)
£ f
90, - o C.L@ ) C/ @ , 24)
Jz ' T, r,
and on integration with respect to z
5 -6 « C @ _ C @ ’ (25)
iz H 1 ri rl-l

where o, is assumed to be independent of r. Since o, is a constant in each cylindrical element
for the Lamé solution it will become clear later that this assumption does not introduce an
additional approximation.

On using (6), (13) and (17)

o, = A €@ -u/ (@ L A @ - u'(z) ji -y @
ar 1 ul 1 r r 1 LL' ) r rl-.[
A ! A

integration with respect to r then leads to

C’' (@ 2 I
u =i | -u’ @ ||r In L
* ' w, N 2r, 2

C'(z) r 2 rl
- l! ! - u’(z) r, In—~ - + + H{(z),
ul j I r: 2ri-1 2ri-l '

where H(2), i = 2...N are functions which have to be determined as part of the solution. The
integration of (27) has clearly been carried out so that

(27)

H@ = ulr, 2, i=2.N. (28)

From (9), the continuity of u, at r=r, 1= 2..N-1 leads to



DMM({A)129

C’ (2) T,
H () = H@ -+ [ -1 - ui’_I'(z)J[ki r,in 2« .;.ri_i}

1y ¥
A ‘ (29)
C'@
- ! .z - u/(@) [|A 1, Ini'_’. + E , i=2.N,
w, r 2
where H,(2) = u,(r,, 2).
On adding the relations (3) and (4)
gl = (1-vh B L eaT (30)
T—r'"a_;(mr) = (1_VT (Urr +096) —ZVA'Fozz * le’A .

A

On averaging (30) over the section of the i" cylindrical element using the notation
(fori=1..N)

_ fl n- I,
f(2) = __l___ 2rrf(r, 2)dr = ' f rf(r, z)dr, 31
n(r?-rl) 7 T

i-1 T, toi-l o or

-1

it follows from (17) that fori = 2..N

i-1 ri

u{z) u_ (@ o _ _El :
2135;[ - }: (1-vi) (5, + G,,) - 2v;§,cu + 2Bl AT . 32

A

Now 6_ + o,, = 20_ - (o_ ~ 0,,) so that from (20) ani (22)

2
# r r? n ) r r? .
G, + 0y, =20 |C ()| in? T 5 + 5|~ C(2) riln.;_. s + 5

t i-1 1-1 i i

, (33)
41 _
- L:k [ u@ - ru @] + 20
Define (fori=2..N)
5 2 7 _ 2 2
F! = 2 J‘ r . rint - _r]_ + _2‘_ dr = o3, - AT lni‘. , (34)
: riri -1 o - r:I Zri -1 2r| =1 4rl -1 rl ri

and
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- 2 3 rr r2 +r? T
F, = —_ rirln.i - v ldr=-| 2y Ar,In L |, E8)
T, ¢ r, o 2r 2 4r, I,

Thus on averaging (33) for i = 2..N

- A [FC¢ @ -F L@ ]

6" * 609 B
4pi . 36
- th : [rH u(z) - r u_(z) ] + 20.(2), (36)
and substitution with (25) in (32) leads to
A 1-vi r? A, 1-v!
1 Zlu@ - J1e Ly, @
T, T+vy, riz r, i +V'T
vt - - v, | C (2) C {2
- li .T [F; C]ﬂ (z) - le Cll: (z) ] + 1A i-1 _ i
E-,‘» E; L LI
! .vl 3
= 0@ - Lo + AT, i=2.N. 59
T EA
On averaging the stress-strain relation (5) using (31) it follows that
du v 'y :
2= -2 (5,+5,) + Z + « AT. (38
N Es

From (27}, (31), (34) and (35), for i = 2...N,

i !

- . C (2 =, :
u =ulz) =i | -u, @ |F - A |—
1 uIA

) —
-u/(2) F; + H (2. (39)
Hy

Thus on substituting (25), (36) and (39) in (38) it can be shown that
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ri ri -1

n(C,@ C@ aApivi
E]

ZVL _ o, _ , _ (40)
= G‘T(z) + 5 + o, AT - H {(z), i=2.N.
A

A

8 DERIVATION OF OTHER BASIC RELATIONS (REGION: 0 £r<r,)

It follows from (3), (4), and (16) that

€y, = &, and g, =© (41)

80 rr

so that on using the equilibrium equation (1) with (i2)

ao,r - - C]” (Z) i . (42)

ar T,

Integration with respect to r then yields

2 2

T r
°,50, = C'@ 1 + @, (43)

where o7'(z) is the transverse stress acting on the interface r = r,. Clearly the continuity
relation (8), is satisfied on this interface.

The use of the equilibrium equation (2) together with the relation (12) leads to

B ls]
= . @], (44)
gz r,

5o that on integration with respectto z

6, = o -2C®, (45)

zz
rl

where o, is assumed to be independent of r, consistent with the assumption made when
deriving (25).
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On using (6), (12) and (16)

B N S (46)
o1 u (=) T, pLooT,
Integration with respect to r yields
C/(z) r? - r?
U = | — - u (2 L+H @, (47)
iy 21,

where H,(2) is a function which must be determined. The integration of (46) has beer. carried
out so that

H () = ulr, 2z}, (48)

ensuring that the continuity condition (9), is satisfied at r = 1,.

On adding (3) and (4) the relation (30) is obtained for i = 1, namely

1
) = (1-vl} (o, +6,,) - 2\;;;:_1'_ o, + 2E10dAT, (49)
A

)12
T or

E

and on averaging using the notation

F

fz) = __L j 2rrfi{r, z)dr , (50
2
nr; ¢

it follows from (16} and (41), that

(z) _ E!
B2 - a-), - Vit o, + ElokaT, (51)
H A

Now on averaging (43)

2 3

" rri-r
B%J /ol s g@r (- incl@ - . ®
1

1

Therefore, on subétituting (45) and (52) in (51)

u (z) 1-v! v C(zy 1-! v!
! - T r,.C/ (2) - AT - ! ol(z) - __"lcr1 + 00 AT. (53)
5 4E, a0 E; E.
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It follows from (47) and (50) that

it

CI
i, = Gl -.;_1[ 11(2) - u/ (Z)J + H @. (54)
Fa

Therefore, on averaging (5) using (45}, (52) and (54) it can be shown that

2\’1
LD LM s v - 2w
7 |w E 7 i

17A

G.
~ + ol AT - H/(@.

1
= —F G@ v
A

A

(55)

9 PARTITION OF THE SOLUTION

It is useful to partition the interfacial values of the radial stress o, and the radial
displacement u, as follows

o (2)

1l

Ao (z) + &
! Tl o= 1N (56)

Au(z) +~

u (z)

where o and u,, i = 1 .. N are the values of o} and u,(z) for the Lamé solution corresponding
to the case when there is nio axial stress-transfer and the uniform strain in the axial direction
corresponding to the applied stress G is given by &. For this case the axial stress g,, in the i
cylinder has a constant value o, and the functions C(z), Aci{z} and Aufz), i = 1...N, are all
identically zero. This explains why no additional approximation is introduced in (25) and (45)
when the parameters o, i = 1...N are assumed to be independent of r. The functions C(z),
so1(z) and Au(z), i=1...N, denote that part of the solution representing the perturbation from
the Lamé solution and characterising the degree of stress transfer. The relation (23) may then

be written in the forin of a recurrence relation generating values of the perturbations Acy'(z),
i=N-1..1

Ad-{-l (z) = A(fr (Z) + 0—, C|"' (Z) - ﬁl Ci’j‘l @
g | A0@ A, @)
e A 57)
where
i-1 1
o = Ar In_— + _r,
L LI ['I 2 ' 58)
i=2..N. (
3 1
al=l|riln—-—r-l+_irl]’



In addition the corresponding Lamé part of the partition is such that

. . . u (b 8
ol = o+ 2t [_i —__‘_] i=N.2.
T,

i ri -1

On using (56) the relation (37) may be written

r, T-vi 1, | Ay (2) r, 2 Ay, (@
—_— F —_— -
ri-‘l

1 +viT r, T. T i

i i ;o 1evg T

1-vi - 2vt C.@ C. (2
.T ( Fli C;” (z) - F21 c-_'ili'1 (z) ) _ A i-1 - i

E; : L Tia

1-vi  Ac (@)
7 v , i=2.N.
E. A

i

In addition the corresponding Lamé part of the partition is such that

gt
5 . 1 Vi Ta Y _ Lia 2 u, -
T, 1 +vfr r, r, I, 1+vy T.

1-vi v _
%[ 1o - Do s AT, is2

i H
T EA

N.
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59

} (60)

{61)

Also, since u, = €z for the Lamé solution it follows from (28) and (48) that Fi(z) = ez,

i = 1..N, for this special case.
From (53) and (56} it follows that

Au, (2) 1-vi

- 1 -
- 1 Ao, (2)

vl C, (@ 1-v]

T 1
- rrCl(z) =
8 E 1 1 171

I El T 4E

and that for the corresponding Lamé part of the partition

1 1
u, 1 Vo v,

— - o + 2o - AT = 0.
r] E.;T E:\] OT

(63)

From (40) and (56), since H,(z) = ¢, i = 2...N, for the Lamé solution, it can be shown that

11
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2, g - 2 C C (2)
gl@d=e - H@ =4, o= [F; C" @ - F, ¢ (2) ] - = @ _Ge
M B E, 5 La

gy,
r’E,

A

- A (i; aut (z) - T’: Au/ (z)) +

(ri A, (2) -1, Ay, (z))

zvl
+ —~AG (2, i=2.N,
Es (64

and that for the corresponding Lamé part of the partition

424 v
HrVa (1'.11._1 - r__lu.) , i=2.N. (65}
2 i i i

o, = ZV‘AO"T + E;(ﬁ - OLLAT) +

L

From (55) and (56) since H,’(z} = € for the Lamé solution it follows that

vy r
e@=e-H@=-| L -2 |0cr@ 2 @
b EJ4 .

(66)

T 1

+ A (2 + 2 Acl(D),
4 E!
A
and that for the corresponding Lamé part of the partition

o, = 2vi o} + E} (e - o AT). (67)

Since u;, i = 1...N for the Lamé solution are independent of z the relation (29), ensuring the
continuity of u, on r = 1, i = 1..N-1, may be written as the following recurrence relation
defining Hi(z), i = 2..N, in terms of H;(z) and other functions

C! () /@
H@=H @+~ -M'@ |-B| e - sl @ |, 8
Ka Ha

where use has been made of (58).

10 GENERATING THE LAME SOLUTION

The Lamé solution is defined by the relations (59), (61), {(63), (65) and (67), together with the
boundary conditions (10) or (11). On substituting (65) in (61) it follows, using (14), that the

Lamé solution is generated from the following recurrence relation which must be iterated
alternately with (59) for values i = N...2

12
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l"li riz * "‘Ir ril’-l Y,
Y, = ~ i
P+ Ir._
sl ’ ©9)
S o N o,
+ ﬁl__i_”_ ViE - (0p + V@) AT - |,
(ep + 1, 2k
where ki is the transverse bulk modulus of the i cylindricat element defined by
1-v 2 (v, )?
L A T (70)
2% B! E.
1t follows on substituting (67) in (63) that
u c]
=+ vie - (od +via)AT - _T 0. (71)

T, -2__](;‘-’

It is clear that if the values of o;" and uy are known, then the recurrence relations (59) and
{(69), when iterated alternately, generate the values of o7 and u,, i = N-1...1. The problem that
remains is to ensure that the relation (71) is satisfied. Because of the linear nature of these
recurrence relations it is clear that (71) will be of the form

floy, u,) =+ oy +yu, =0. (72

The values of o, B and y are readily obtained numerically by making use of the following
relations

o =f£(0,0) B=f(1,0) -f00), v=£01)-F00), 73

where the function f is defined using the L.H.5. of (71).

From (10), (11) and (56) it is clear that the values of oy and uy specified by the boundary
conditions depend on the type of problem that is being solved. The values determined by the
boundary conditions (10} and (11} are as follows:

PROBLEM L o = o, (74)

PROBLEMII: u_, =u. (75}

N

It then follows from (72) that the values of a;"” and u, corresponding to the values specified
by (74) and (75} are given by

13
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a+po
PROBLEM I  uy = - Por , (76)
Y
PROBLEMIL oY = - & "B”u . (77)

Thus by making use of the initial values specified by (74-77) the numerical values of o;' and
u, i = N-1...1 are readily obtained for problems I and II by applying the recurrence relations
(59) and (69) alternately, starting with (69) as u, is required by (59).

The corresponding values of ¢, i = 1...N are then obtained from (65) and (67). The effective
(or average) stress ¢ applied in the z-direction to the assembly of cylinders is given by

2 N 2 2
T. r- —-r,
c=_¢ +§:‘ "o . (78)
FR d 2 i
!'N =2 l'N

11 GENERATING THE PERTURBATION SOLUTION

The result (60) is now written in the form of a recurrence relation generating values of the
perturbations Au(z), i = N-1...1 as follows

Au @ g 17 _ o lau (@ 1Yo ,
: = o | e (V) + (1-vD) - : L Aoy (z)
ri -1 2 i2..1 ri ZE'[E liri -1
viawv) r [ C @ C@ 79)
E, -r': r, T
-(v)? ., -
- L (FC'@-FCch@), i=N.2.
ZE.;. ri_l i i

Following a similar approach to that in the previous section, if Ac;™(2) and Auy(z) are known,
then the recurrence relations (57) and (79), when iterated alternately, generate the values of
Aoy'(2) and Au,(z), i = N-1...1. The problem that remains is to ensure that the relation {(62) is
satisfied. Because of the linear nature of these recurrence relations it is clear that (62) will be
of the form

g(z, AdY(2), Au(2) = ofz) + B(2) ASY(z) + y(@Au () = 0, (80)

where the functions a(z), f(z) and ¥(z) are extremely complicated functions of z. The values
of these functions are, however, readily obtained numerically by making use of the following
relations

ofz) = glz, 0, 0),
B(z) = glz, 1, 0) - glz, 0, 0), (1)
y(2) = g{z, 0, 1) - g(z, 0, 0),

where the function g is defined by the L.H.S. of (62).

14
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From (10), (11) and (56) it is clear that the values of Ac;"(z) and Auy(z) specified by the
boundary conditions depend on which problem is being solved. The values determined by
(56) and the boundary conditions (10) and (11) are as follows:

PROBLEM I:  Acj(@) =0, (82)

PROBLEM Il.  Au(z)=0. (83)

it then follows from (80) that the values of Ac;™(z) and Auy(2) corresponding to the specified
values given by (82) and (83) are given by

PROBLEM I Auga) = - %2, (84)
Y(z)

PROBLEM I Adl(z) = - %Z_; . (85)
A

Thus by making use of the initial values specified by (82-85) the numerical values of Acy'(z)
and Au(z), i = N-1...1 are readily obtained by iterating the recurrence relations (57} and (79)
alternately, starting with (79) since Au,, is required by (57).

12 DERIVATION OF SIMULTANEOUS DIFFERENTIAL EQUATIONS

The various recurrence relations and initial values derived above, can be used to generate the
functions Aoy, Ay, and €, , i = 1..N, in terms of the quantities C/ , C” and C;,i=1.N.
The fourth derivatives of the functions C, arise because (79) must be differentiated twice with
respect to z and then substituted into (64) and (66). From (10) and (11), since G,, is zero on
the outer surface of the assembly of cylinders, it follows from (15) that, C'y(2z) = 0. As the
function Cy(z) characterises the perturbation of the stress and displacement fields from the

Lamé solution, it then follows that Cy(z} = 0. Thus, the remaining unknowns of the problem
are now C(fz), i = 1..N-1.

It follows on subtracting H,(z) from both sides of (68}, and then differentiating with respect
to z, using the definitions of £(z) given by (64) and (66), that

Ha A

Cﬂ( ) C”
Ae(z) = Ae, () - a]{ ‘ Iz - Au’” (Z)J + B‘[ =@ pu’ (z)] L1 =2.N, (86}

where

Ae (@) = g£(2) -¢g, @, i=2.N. (87)

The relation (86) is a recurrence relation which, when iterated using the initial value
Ag,(z) = 0, generates the functions Ag(z), i = 2..N.

On substituting the values of g(z), i = 1...N given by (64) and (66) into the R.H.5. of (87), and

on substituting the values of Ag(z) generated by (86) on the L.H.S. of (87), the following
fourth order ordinary differential equations are derived

15
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N-1 N-1 N+

YEC"@+Y GC'@+Y HC@®=0, j=1.N-1, (88)

i=l jul {a1

where the coefficients F;, G; and H; , 1, j = 1..N-1, are very complicated expressions
generated by recurrence relations. Their values can, however, be calculated using numerical
methods as described in the following section. It should be noted that (88) has been derived
from the derivative of (68). Thus, solutions of (88) will lead to values of u, such that du,/oz
is autornatically continuous at the interfaces r = r;, i = 1..N-1.

13 CALCULATION OF THE COEFFICIENTS

It is convenient to denote the L.H.S. of the j* equation of the set (88) by P(C, C"*, C"*"), where
C = {C, i = 1..N-1}, having second and fourth derivatives denoted by C” and C"”
respectively. The numerical values of the coefficients F; , G; and H;, 1, j = 1...N-1, are then
calculated simply by obtaining values of P(z), j = 1...N-1 using suitable sets of values for the
functions C, C” and C”". Thus:

F = Pi(O, 0, 1),

]

= PI(D, 1,0, i=1.N-1, j=1.N-1, (89)

n

G
]
H, = P, 00,

with I, = {§;,, k = 1..N-1} where §, is the Kronecker delta, and with 0 denoting a
corresponding set of zero values. Using values of the coefficients resulting from such
calculations the functions C, i = 1...N-1, can then be determined from (88) using numerical
methods [4] as soon as appropriate additional boundary conditions are imposed.

14 AXIAL BOUNDARY CONDITIONS INVOLVING ONLY STRESSES

For many axial stress transfer problems it is possible to impose stress-free or symmetry
boundary conditions on two planes so that

glr, L) =0, forallr, (90)

where 2L is the separation of the planes. Since Cy(z) = 0 it then follows from (15) that

C/(£L) =0, i=1.N-1. o1

On the planes z = L the following conditions are applied to the axial stress component
s]‘, forO0sr<r,
G = _ (92)

s}, forr_ <r<r, i=2.N.

!

The values of s, i = 1...N, must be such that the system will be in mechanical equilibrium,
i.e. the following relations must be satisfied, since from (10) and (11) G, = 0 on r = ry for all
values of z,

16



DMM(A)20

N N
2. 2 _ .2 R 2 _ .2 - _ 2 a93)
rls, +§(rt 12 )s’ = 1ls, +l§;(rI rl)s” =rio, (

where ¢ is the effective siress applied to the composite, defined by (78).

On substituting the values specified by (92) into the relations (25) and {45 it can be shown
that the following recurrence relation defines the remaining boundary c. nditions that must
be imposed so that the simultaneous ordinary differential equations (88) have a unique
solution,

r r
C(tL) = 'chl_l(iL) + E'{'(“i -s!), i=2.N-1, 94

1 H

where

C(xL) = 21, (0, = 5} (95)

It is clear from (94) and (95) that if 5* = ¢, , 1 = 1..N, then C,(zL) = 0, i = 1..N-1. Thus, it
follows on using (91) that the solution of the simultaneous differential equations (88) must
be given by C(z) =0, i = 1...N-1, i.e. there is no stress transfer. Other values of the parameters
8% i = 1..N, satisfying (93} will lead to stress transfer effects.

15 MIXED AXIAL BOUNDARY CONDITIONS

For many stress transfer problems involving multiple concentric cylinders the axial boundary
conditions will involve displacements as well as stresses. As an example a problem will now
be considered where the stress and displacement distribution is sought in the region between
two adjacent fractures in a fibre belonging to a unidirectional composite.

The fibre is represented by k cylinders occupying the regions

r,srsry, i=%.k, wherer, =0.

The matrix and surrounding composite material is represented by N - k cylinders occupying
the regions

r,Sr<r, i-= k+1..N.

If K cylinders are chosen to represent the matrix then clearly N - k - K cylinders represent
the surrounding composite material.

Assume that the fibre is cracked into fragments each of length 2L, and consider only one of
these fragments and the associated matrix and surrounding composite. Because the fibre
fracture surface is stress-free and also because of symmetry it follows from (15) that
Cy'(z) = 0 and that

C/(tL) = 0, i=1.N-1. (96)

Since o_=0onz-=t¢ LforOsr<sr, for a broken fibre it follows from (25) and (45) that

17
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T Tr
C(zxL)=_2C (zL)+ 1o, i=2.k, 97)
i rl i-1 2A‘l !
where
1
C,(tL) = 550 (98)

thus specifying the values of Ci(2L), i=1..k

On the planes z = L the displacement component u, should be uniform in the region
r, £ r S 1y. It is not possible to satisfy this condition exactly if it is demanded that o, =0 on
tuese planes (see section 16 for further discussion of this aspect of the problem). However,
for the cylinders representing the matrix and surrounding composite, average displacement
conditions can be satisfied and take the form

ul(tL) = ulM(£L), i =k+2.N. (99)

The total number of conditions specified is 4(N -1) as required by the differential equations
(88) in order to have a unique solution. ‘

The average displacement conditions can also be written

AGNL) = AGFY(2L), i = k+2.N, (100)
where
AUNz) = u(z) - ez, i = 1.N. (101)
On setting
AM(z) = H(z) - ez, i=1.N, (102)
where in fact from (64) and (66}
AH!(@) = -e(2), i=1.N, (103)
it can be shown using (39) that forr;<r<r,i=2.N
- [C/ @ .
Aul{z) = A | - - Au/ (2) | F,
I.Lt
- (104)
[ C/(2) -
- A, - Au'(@) |F, + AHf),
[

and on using (54) that for 0 <r <
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/)
At - -0 5%
By

1 - Aul’(z)} + AH.(2). (105)

It can then be shown for r,; £ 7 <1, j = 1...N (with r; = 0) that in general

M N N
ATiz) = T EC” @ + Y g,C/@ + Y, h C@), (106)
i=] i=1 "
where
C@ = fCi(Z’)dz’, i =1.N. (107)
o

It should be noted from (27) and (47) that the displacement component u, depends upon the
functions Hi(z), i = 1...N. These functions can be obtained from (64) and (66) on integrating

with respect to z, thus introducing the functions Ei(z), i = 1..N. By defining the functions (—Ii
such that EE(O) =0 for all i = 1..N-1, and on observing that symmetry will lead to

C/O = Ci’” {0) = 0, i = 1..N, the displacement component u, will have a zero value on the
plane z = 0 for fibre, matrix and surrounding composite. in addition u, will be automatically
continuous at the interfaces r = r, i = 1...N-1, thus satisfying the boundary condition (9},. For

the boundary conditions specified by (10) and (11} the function EN(Z) = 0.

The functions AH(z) can be calculated by two equivalent methods. First of all use can be
made of (68) and (102) to set up the following recurrence relation

C/(2) C, (2
AH(2) = AH,, (2) + q[ L - Au"(z)] - [5,[ = g LT (z)], i=2.N, (108

Ha

A

where from the integral of (103) with i =1

z

6H, @D = - @ = - [e@)dz’ . (109)

]

For this method of calculation the resulting expressions for At} (z) are of the form specified
by (106).

For the second method of calculation the functions AH{z) are derived by integrating (103)
with respect to z for all i so that

4

BH,@ = -E@ = - [e@hdz’ i=1.N, (110)

0

since C/(0) = C (0) = C(0) = 0. For this case the resulting expressions for A1} (z) are of
the simpler form specified by
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N N
Auk2) = y 5. C/) + 3 h
i=]

I=1

(Tl

where now the coefficients f; are all zero. The third derivatives of the functions C(z) are not
present because of the following result which can be obtained by integrating the differential
equations (88)

N-1 N-1 N-1 _
YEC'@+Y G C@+Y HC@=0 j=1.N-1, (112)

%] i=1 i=1

The coefficients f;, g; and h,; appearing in (106) and (111) can be calculated numerically using
techniques that are very similar to those used when deriving the coefficients of the
differential equations (88).

16 A SPECIAL CASE

For the problem of stress transfer associated with the fracture of a fibre that is surrounded
by a region of matrix and then a region of effective composite material, there is an alternative
approach that leads to more accurate solutions. The approach for this special case will now
be described. In section 15, the boundary conditions (90) were satisfied for all cylinders of
the representation. The new approach is to select the cylinders on either side of the
fibre/ matrix interface to be very thin compared to the fibre radius. The conditions (97) and
(98), are retained while the boundary conditions (90} are replaced by

o(r,tL}) =0 forOG<r<y , 1 <TST, (113)

in which case, on remembering that Cy(z) = 0, (96) is replaced by

C/(L) = 0, i=1. k-1, kel . N-1. (114)

Clearly C/(xL) # 0 so that 6, » 0 for r,, < r £ 1,,,. This means that the boundary condition

(90) is not satisfied in a small zone in the immediate neighbourhood of the fibre/matrix
interface provided thatr,, = r, and r,; « 1.

In this new approach an attempt is made to satisfy the following displacement boundary
condition exactly

u(r, ¥L) = £ constant, forr €r<r, . (115)

This condition asserts that the magnitude of the normal displacement of the matrix and the
surrounding composite in the planes of fibre fractures must have a single value that is found
as part of the solution to the problem. On differentiating (115) with respect to r the following
equivalent boundary condition is obtained

du
..51__Z=0 on z=zxL for ry<r<r. (116)

From (26) and (56} it can be shown that (116) is satisfied if the following two conditions are
met
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C/,(£L)
Au/ (L) = Z_—, i=k+1L.N, (117)
Ha
C/(£L)
Au/(£L) = L ___, i=k+.N, (118)
Ha

where it should be remembered that Cy(z) = 0 in which case from (118) Au,/'(z) = 0 consistent
with the initial value (83) for the recurrence relations (79), i.e. the special case corresponds
to Problem II described in sections 10 and 11.

Thus, for the special case under discussion, the boundary conditions that have been applied
demand that u(ry, z) = u is specified to have a fixed value corresponding to that which
would result when the assembly of cylinders does not contain any cracks but is subject to the
same applied tractions and has the same temperature as the assembly containing cracks. It
follows from (114), (117} and (118), and the fact that Auy(z) = 0 for Problem II, that the
required conditions have the following form

C/ (L)
Aug (L) = =, (119)
Ha
Au/(tL) = 0, i=k+1..N-1. (120)

It can be shown from the differentials of (57) and (79) with respect to z that the functions Au/
are of the form

N-1 N-1
Aull(Z) = E Dij C:‘m (z} + E Enci’(z) ’ j=1---N'1 . (121)

i=1 i=1

where the coefficients D, and E, are readily calculated numerically by iteration with suitable
sets of initial values using an analogous procedure to that described in section 13.

It can be seen from (97), (98), (114), (119) and (120) that 4N - 4 conditions have been imposed,
corresponding to the number of conditions needed to ensure that the system (88) of fourth
order ordinary differential equations has a unique solution.

17 STRESS TRANSFER ASSOCIATED WITH FIBRE FRACTURE

An axisymmetric representative volume element of a unidirectional composite is now
considered where a fibre of radius R = 3.5 pum is surrounded by matrix material such that the
volume fraction is given by V, = 0.6, i.e. the outer radius of matrix material has the value
a = R/YV, = 451848 pm. The thermoelastic constants assumed for the fibre and matrix are
given in Table 1. The fibre and matrix are embedded in an anisotropic medium that has the
thermoelastic constants of the undamaged composite. The interfaces between fibre and
matrix, and between matrix and the surrounding effective composite material, are assumed
to be perfectly bonded. The thermoelastic constants of the undamaged composite have been
calculated using methods described in an earlier report [1), and their values are aiso given
in Table 1.

21



DMM(A)I29

In order to obtain an accurate solution of the stress transfer problem the fibre, matrix and
surrounding effective composite are represented by series of concentric cylinders perfectly
bonded together. The fibre is represented by 8 cylinders, the matrix by 4 cylinders and the
surrounding composite by 9 cylinders where the outer radii are given in Table 2. It is
assumed that there are fibre fractures on the planes z = + L so that the problem solved
corresponds to a fibre that is fragmented into sections of equal length 2L. The value of L
selected is 350 um i.e. 100 fibre radii. This selection was made so that the fibre fractures are
far enough apart to avoid any interactions. Clearly the model could easily be used to
investigate interaction effects that are known to occur for smaller values of L that arise when
fibre fragmentation tests are conducted. The stress-free temperature of the composite is taken
to be 150°C so that the parameter AT = - 130°C, assuming that room temperature is 20°C. The
composite is subject to a uniaxial load that induces a uniform axial strain percent of 1.49595%
in an undamaged composite. The corresponding axial stress in the fibres is 3.505 GPa. This
is identical to the FEA solution (3, 5) as z — 0 because the applied strain percent for the
analytical model of 1.49595% is chosen so that the fibre stress remote from the fibre fractures
corresponds closely to the FEA value. The corresponding radial displacement of the outer
boundary of the assembly of cylinders is given by u,(ry, z) = - 0.2780663 pum. This is the value
of u, needed to calculate initial values for the recurrence relations (see (75) and (77)). This
selection of the applied strain ensures that the solution corresponds to FEA calculations [3, 5]
carried out where the strain applied to a damaged composite is 1.5%. Analytical solutions
have been sought that satisfy the boundary conditions specified in section 16.

The more relevant results of the calculations are given in Fig.2a-g, where comparisons are
made with the finite element solutions {3, 5]. Fig.2a shows the dependence of the value of
the axial stress o, at the centre of the broken fibre as a function of the distance measured
along the fibre. The fibre fracture is located at z = 350 pm and it is seen that the axial stress
is zero as required by the boundary conditions. The point z = 0 corresponds to the mid-point
between two fibre breaks located at z = + 350 um. In the region 0 £ z < 100 pum the axial
stress is virtually independent of z indicating that the solution obtained applies also to a
single isolated fibre fracture. The results shown in Fig.2a indicate that there is very good
agreement between the predictions made using analytical and FEA methods of solution. A
remarkable feature of the resulls is that stress transfer between fibre and matrix is occurring
over a distance of about 150 pm which corresponds to over 40 fibre radii. The large stress
transfer distance results from the inclusion of the effect of surrounding effective composite
material on the stress transfer that occurs in the neighbourhood of the fibre break
Corresponding solutions where the presence of the effective composite material is neglected
show (see Fig.3) that stress transfer then occurs over a distance of about 8 fibre radii, i.e.
stress transfer is much more localised. The solution shown in Fig.3 used 9 cylinders to
represent the fibre and nine to represent the matrix. On the external surface r = ry the
condition o, = 0 was imposed corresponding to Problem [

Fig.2b shows the dependence of the shear stress o, on the fibre/matrix interface (r = R) as
a function of distance along the interface. The shear stress has non-zero values only in
regions where stress transfer between fibre and matrix is occurring. Again there is very good
agreement between the results of analytical and FEA methods. However, very close to the
fibre fracture both analytical and FEA predictions break down showing oscillatory behaviour.
This phenomenon is occurring because neither the analytical nor the FEA techniques have
taken into account the singularity that the exact solution must possess. The singularity
enables the solution to predict that on the surface of the fibre fracture the shear stress 6, = 0
as r — R, while on the fibre/matrix interface r = R the shear stress ¢, tends to a finite value
as z — L. It is clear from Fig.2b that the analytical solution is giving more reliable results near
the fibre fracture than the FEA solution. Fig.2c shows the dependence of the shear stress o,
on the matrix/composite interface as a function of distance along the interface. For this
prediction the analytical method is predicting a higher maximurmn shear stress than the FEA
method.
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Fig.2d shows the distribution of the normal stress o,, on the fibre/matrix interface together
with the finite element results which are shown as a dotted line. Fig. 2e shows the
corresponding distribution for matrix /composite interface. The smail discrepancy in Figs. 2d
and 2e between analytical and FEA results as z — 0 is thought to arise because the FEA
analysis is based on thermoelastic constants for the effective composite material that differ
slightly from those used for the analytical technique. The FEA values were chosen so that the
thermoelastic constants for effective composite material matched exactly those predicted by
the FEA analysis of an undamaged square array of fibres (see Table 3). In contrast;-the
analytical results are based on thermoelastic constants for the effective composite that have
been found from a concentric cylinders model of a composite (see Table 2) where the fibre
is represented by one cylinder and the matrix by a second cylinder that is concentric with the
fibre. This exact matching leads to the result shown in Fig.2e where 6, » 0as z — 0.

Fig.2f shows the dependence of the axial stress g,, in the plane of the fibre fracture on the
radial distance r measured from the centre of the fibre. The step function corresponds to the
analytical predictions; the other curve being the FEA solution. In the region 0 € r £ 3.5 um
the analytical solution predicts a zero value for the axial stress thus satisfying the required
boundary condition exactly. The FEA solution in this region exhibits non-zero values that
violate the boundary condition. In the matrix material at the fibre/matrix interface very high
tensile stresses are encountered. The maximum value predicted by FEA is 15.9 GPa and that
by the analytical technique is 16.07 GPa thus showing very good agreement. The exact
solution would predict an infinite axial stress at this point resulting from the singularity in
the stress field. It is seen that in the surrounding effective composite material the axial stress
reduces from maximum vatue (4.050 GPa for analytical solution and 3.667 GPa for FEA) at
the matrix/composite interface to a constant value of 2.1424 GPa (same value for analytical
and FEA predictions). There is reasonably good agreement between analytical and FEA
predictions, although the analytical results are thought to be the more reliable.

Fig.2g plots the axial displacement in the plane of the fibre fracture relative to the uniform
axial displacement of matrix and effective composite material. Thus for the region r 2 3.5 um
both FEA and analytical methods predict a zero value, thus satisfying the required
displacement boundary condition. For the region 0 < r < 3.5 um the analytical method
predicts a larger displacement difference than the FEA method. Of particular note is the very
large displacement gradient that is observed in the region of the fibre/matrix interface,
indicating again the effect of the singularity in the stress field.

18 ESTIMATION OF STRESS CONCENTRATION FACTORS

When an isolated fibre fracture occurs there are two methods by which the new stress
transfer model can be used to estimate the increase in axial stress experienced by the fibres
which are nearest neighbours. The first method is to use the solution described in section 17
to calculate the local axial stress distribution at the location in the effective composite
corresponding to the axes of the nearest neighbour fibres. For a hexagonal arrangement of
fibres, the distance 2d between the centres of the fibres is given by the formula

n R? _ (122)

Thus for the problem formulated above d = 4.303 um and the axial stress distribution at the
location of the centres of the nearest neighbour fibres is shown in Fig.4. The maximum value
of axial stress on r = 2d, corresponding to the location of the axes of the nearest neighbour
fibres, has the value 2.268 GPa (FEA result is 2.243 GPa which is in very good agreement
with the prediction of the analytical model). The corresponding stress value remote from the
plane containing the fibre break is 2.1424 GPa (FEA result is 2.149 GPa). Thus the stress
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concentration factor in the nearest neighbour fibres has the value 1.059 when using the
analytical model, and the value 1.044 when using FEA.

The second approach to estimating stress concentration factors associated with isolated fibre
fractures is to smooth out the six nearest fibres in a hexagonal array into the form of 2 hollow
cylinder or tube. The area of cross-section of the tube has the value 6aR? and it occupies the
region 2d - 8 < r < 2d + §, where

3R* (123)
d

For the current problem the value of 8 is 2.13514 ym.

The tube representing the nearest neighbours is then embedded in matrix occupying the
regions R<r<2d - &and 2d + 8 < r < R, where the outer radius of matrix material R, is
selected using the following formula, that ensures that the volume fraction of fibre material
in the region 0 £ r < R, has the value V,

R - |7R (124)
" Vv

{

Thus for the problem of interest R = 11.9548 um. The assembly representing the broken
fibre, the nearest neighbour fibres, and the associated matrix are then embedded in effective
composite material having the properties given in Table 3, and occupying the region
R, £r<30 pm.

Fig.5 shows the axial stress distribution in the plane of the fibre break. It is seen that the
maximum predicted stress in the cylindrical tube representing nearest neighbour fibres has
the value 4.1049 GPa while the value of the axial stress as z —» 0 is 3.5104 GPa. Thus the stress
concentration factor in nearest neighbour fibres resulting fromn an isolated fibre break has the
value 1.1694. This value is larger than that predicted by the first method, and is very close
to the value 7/6 = 1.1667 which is the stress concentration factor predicted by simple local
load sharing where the load carried by the fibre that is going to break is shared equally
amongst the six nearest neighbour fibres. The value predicted by the analytical approach is
higher than the local load sharing value because there is a stress concentration within the
cylindrical tube representing the nearest neighbour fibres. An effective stress, based on the
total load carried by the six nearest neighbour fibres divided by their cross sectional area
6nR?, can be calculated to be 3.7461 GPa, and the corresponding stress concentration factor
is 1.0671 which is slightly lower than the local load sharing value. It is interesting to note
from Fig.5 that the axial stress in the surrounding effective composite matciial is almost
uniform suggesting that its presence is unnecessary if the representative volume element for
the composite inciudes the nearest neighbour fibres. This supports the conclusion that the
load carried by a breaking fibre is transferred mainly to the six nearest neighbours in a
hexagonally packed unidirectional composite, and the result that the stress concentration
factor is close to the local load sharing value of 1.1667.
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CONCLUSIONS

The problem of predicting the stress and displacement distributions in a perfectly
bonded multiple cylinder stress transfer model has been reduced to manipulating sets
of recurrence relations that generate a set of fourth order simultaneous ordinary
differential equations. Numerical solutions of the problem are readily obtained using
a desk-top computer and experience has shown that the new technique is robust.

The technique allows each cylinder to be a transverse isotropic solid and takes
account of the residual stresses arising from thermal expansion mismatch.

For a unidirectional composite with fibre fractures, by representing the fibres by one
set of cylinders, the matrix by another set, and surrounding effective composite
material by a third set, accurate solutions for stress and displacement distributions can
be found in the vicinity of a fibre fracture that agree closely with corresponding finite
element solutions. The analytical predictions are thought to be more reliable than FEA
sclutions for the perfectly bonded case.

For the fibre fracture stress transfer problem singularities are encountered for the axial
stress in the matrix in the plane of the fibre fracture. These singularities are modelled
reasonably well by the new technique whereas corresponding FEA predictions are
subject to error in such regions.

Stress transfer between fibre and matrix is affected significantly if the representative
volume for the unidirectional composite is embedded in effective composite material.
Stress transfer then occurs over a much larger distance along the fibre.

By smoothing out nearest neighbour fibres into the form of a cylindrical tube or shell,
the multiple cylinder model can be used to estimate the stress concentrations that are
induced in neighbouring fibres when an isolated fibre fracture occurs in a
unidirectional composite. The value of the stress concentration is slightly higher than
that predicted by local load sharing if account is taken of the axial stress gradient in
the nearest neighbour fibres, and slightly smaller if the stress concentration is based
on the average stress in these fibres. These results indicate that the load carried by a
breaking fibre in a hexagonally packed unidirectional carbon fibre epoxy composite
is transferred mainly to its nearest neighbours.
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Fibre Matrix Composite
E, (GPa) 235.0 3.89 142.614164
E; (GPa) 16.7 3.89 9.08208123
v, 0.1437 0.37 (0.227431817
Vr 0.35 0.37 0.464011673
W, (GPa) 26.0 1.41971 4.72446013
a, (x 10°/°C) -0.25 58.0 0.483855705
o (x 104/°C) 250 58.0 45.0177201
TABLE 1 Values assumed for the thermoelastic constants for the fibre, matrix and
surrounding composite representing a unidirectional carbon fibre reinforced
epoxy composite having a volume fraction V; = 0.6.
Outer radii of Quter radii of Outer radii of
fibre elements matrix elements  composite element
(um) {pum) {um)
0.5 3.525 475
1.0 38 53
15 4.2 6.0
2.0 4.51848 7.0
2.5 8.0
3.0 9.0
3.475 10.0
35 20.0
30.0
TABLE 2 Values assumed for the outer radii of the cylindrical elements representing
fibre, matrix and surrounding composite having a volume fraction V; = 0.6.
4-cylinder model FEA values
E, (GPa) 142.656406 142,611
E; (GPa) 9.18024364 9.818
\P 0.222501862 0.2260
vr 0.469069883 0.423
p, (GPa) 6.89111049 4.975
o, (x 10°/°C) 0.555019604 0.646
o {x 10¢/°C) 43.8170764 44.8
TABLE 3 Values for the thermoelastic constants, for the effective composite material

representing a unidirectional carbon fibre reinforced epoxy composite having
a volume fraction V; = 0.6, used when comparing analytical and FEA
predictions.
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FIGURE CAPTIONS

Fig.1

Fig.2a

Fig.2b

Fig.2¢c

Fig.2d

Fig.2e

Fig.2f

Fig.2g

Fig.3

Fig.4

Fig.5

Schematic diagram of ar assembly of concentric cylinders that aré perfectly bonded
together. The outer cylinder can represent effective composite material when
analysing stress transfer caused by fibre fracture in a unidirectional composite.

Distribution of the axial stress o, along the axis of a fibre in a unidirectional
composite that has an isolated fibre break at z = 350 um. The corresponding FEA
prediction is shown as a dotted line.

Distribution of the fibre/matrix interfacial shear stress ¢, in a unidirectional
composite that has an isolated fibre break at z = 350 um. The corresponding FEA
prediction is shown as a dotted line.

Distribution of the matrix/composite interfacial shear stress o, in a unidirectional
composite that has an isolated fibre break at z = 350 um. The corresponding FEA
prediction is shown as a dotted line.

Distribution of the normal stress ¢, on the fibre/matrix interface in a unidirectional
composite that has an isolated fibre break at z = 350 um. The corresponding FEA
prediction is shown as a dotted line.

Distribution of the normal stress ¢, on the matrix/composite interface in a
unidirectional composite that has an isolated fibre break at z = 350 um. The
corresponding FEA prediction is shown as a dotted line.

Distribution (shown as a step function) of the axial stress ¢,, as a function of r in the
plane of an isolated fibre break in a unidirectional composite. The corresponding FEA
prediction is shown as a continuous line.

Distribution of the difference in axial displacement, in the plane of an isolated fibre
break, as a function of r for a unidirectional composite. The correspending FEA
prediction is shown as a dotted line.

Distribution of the axial stress ¢,, along the axis of a fibre in a unidirectional
composite that has fibre breaks at z = £350 um for the case when account is not taken
of surrounding effective composite material.

Distribution of the axial stress o, in the effective composite material at the location
of the axes of the nearest neighbour fibres in a unidirectional composite that has an
isolated fibre break at z = 350 um. -

Distribution (shown as a step function) of the axial stress G,, in the plane of an
isolated fibre break for a unidirectional composite where the nearest neighbour fibres
have been smoothed out into the form of a cylindrical tube that is concentric to the
broken fibre.
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